STAT 512, SPRING, 2007 EXAM 2

GROUND RULES:

e This exam contains 5 questions; each question is worth 10 points. The maximum
number of points on this exam is 50.

e This is a closed-book and closed-notes exam.

e You may use a calculator if you wish, but SHOW ALL OF YOUR WORK AND
EXPLAIN ALL OF YOUR REASONING!!!

e A standard normal table is attached on the last page.

o Any discussion or otherwise inappropriate communication between examinees, as
well as the appearance of any unnecessary material, will be dealt with severely.

e Print your name at the top of this page in the upper right hand corner.

e You have 80 minutes to complete this exam. GOOD LUCK!

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promase that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.
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1. The lifetime of a certain brand of industrial light bulb, Y, is assumed to follow a
gamma distribution with shape parameter a = 3 and scale parameter § = 6. A random
sample (i.e., an iid sample) of n = 25 light bulbs will be taken; denote these measure-
ments by Yi,Ys, ..., Yos. Approximate the probability that the sample mean Y will be
larger than 21.

2. Suppose that Y7,Y5, ..., Y, is an iid sample from an exponential distribution with
mean . Recall that the exponential(#) probability density function (pdf) is given by

%e*y/ 0 y>0
0, otherwise.

frly) =

and that the cumulative distribution function (cdf) is given by

0, y<0
Fy(y) = { 1—e ¥ y>o0.

Counsider the two estimators
0, = nY() b, =Y,

where Y(qy is the minimum of Y, Y5, ..., Y, and Y is the sample mean. Recall that the
pdf of the minimum order statistic Y(;), where positive, is given by

Froy W) =nfy(L = B )"

(a) Show that Y{;y follows an exponential distribution with mean 6/n.

(b) Show that both 6; and 0, are unbiased estimators of 6.
(c) Compute the variance of both estimators. Which estimator would you prefer?

3. Suppose that Z;, Zs, ..., Zg is an iid sample from a N(0,1) distribution. Suppose
that Z; ~ N(0,1) as well and that Z; is independent of Z;, Zs, ..., Zs. For each of
the following parts, provide sufficient justification (in words) as to why your
answer is correct.

Find the distribution of

(a) Z = % ?:1 Zi
(b) T =%0,(Z - 2)
() U=+32Z:)\J 2} + Z3 + Z3

() V=(Z+2Z;+73))(Z; + Z2 + Z3).
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4. Suppose that Y7, Y5, ..., Y, is an iid sample from a Poisson distribution with mean 6.
(a) Give two unbiased estimators of 6.
(b) Find an unbiased estimator of 7(6) = 62

5. Suppose that we have two independent samples:

Y117Yr127 71/1n ~ iid N(MlaUQ)
}/217}/227 7}/27L ~ iid N(/'IQJO-Q)'

Notice that the two population variances are the same and that the sample sizes are equal.

The population means p; and ps are unknown parameters. The common population
2

variance ¢ is also an unknown parameter. Define
— 12
Yi,=— Z Yi; = sample mean for sample 1
j=1
— 12
Yo, =— Z Y5, = sample mean for sample 2
j=1
2 1 & )2 .
Sy = ] > (Y1, —Y14)? = sample variance for sample 1
n — X
7j=1
1 & —
S = 1 > (Ya; —Y,)? = sample variance for sample 2.
n — X
7j=1

(a) Find the distribution of U = Y1, — Y5,.
(b) Find the distribution of

b

n —1)S? N (n—1)S2 _(n— 1)S2 4+ (n—1)52

2 2 2

o o o

(c) Explain why U and W are independent.

(d) If gy — pe = 0, find a statistic, which is a function of U and W, that has an F
distribution. What are its degrees of freedom? Remember that a statistic can not
depend on unknown parameters.
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