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Outline

Review of standard empirical likelihood (EL)

EL with plug-in




Standard empirical likelihood

Nonparametric likelihood

For Xi...., X,,~°F in R4




EL function

R(o) = sup{R(F):0(F) = 6o}
supi{ L(F') : 6(F) = bo;
sup{L(F')}

EL hypothesis tests




EL for means

n=FE(X)cR?

1=1

R(p) = max {ani: Zpin- = p,pi = 0, sz' = 1}
1=1 1=1




Write

G = Zlog(np,,;) — nA ZPz‘(Xz' — ) = (1 = sz>

A and 7y are Lagrange multipliers.

oG 1
:——n)\(Xq;—,u)—l-W/:O

op; i




Plugging this back into the constraint:

g()\)_ﬁ;lJr)\(Xi—u)_o

This equation has a unique solution for A = A(u).

Theorem (ELT, Owen 1990) If X has finite mean pg and finite
covariance matrix of rank ¢ > 0, then

—2log R(1g) —= 2.




Thus A = (X — o) /62 + op(n~2) = Op(n='/?). Recall

1 1
n 14+ MX; — o)

Pi

so, using the Taylor expansion log(1 + z) = x — 22/2 + O(a?),

—2log R(o) = —2 log(np;) =2 log(1+ A(X; — 110))
1=1 1=1




EL with estimating equations

Estimating function: m(x,0) with E(m(X,6y)) = 0; e.g., median,
m(X,0) =1{X <6} — .5.

R(0) = max {ﬁnpii zn:l?im(Xi,H) =0,p; > 0, Zn:pi = 1}
1l = 1

Theorem (ELT) If m(X,60p) has a finite covariance matrix of rank
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EL with plug-in

Estimating function m(z, 0, h) (having ¢ components):

E(m(X, 8o, h)) = 0

now involves a nuisance parameter h estimated by A.
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Assumptions (¢ = 1)
n2 " m(Xi, 60, h) = N(0, V1)

LS m3(Xs, 00, h) -5V

A

maXj<i<n |m(X’l,7 907 h)| — OP(n1/2)
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For ¢ > 1 components:

—21log R(6y, h) 2, 7“1X%,1 Tt ’qu%,q

X2 1y XY , independent X3 rv.'s

r1,...,Tq are the eigenvalues of V2_1V1
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Example: estimating a symmetric cdf F

F' assumed symmetric about an unknown location a:

bhp=F(x)=1—F(2a—2x) forx<a

Estimating function (having ¢ = 2 components):

< ) —
m(X.0.a) =  LXs2)-0
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Example: integral of a squared density

Of interest for various problems related to nonparametric density
estimation:

Estimating function:

m(X,0, f) = f(X) -6
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Usual estimator of 6y:
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Sketch of proof

Checking first assumption: by asymptotic theory for U-statistics,

n=Y2> " m(X, 0, f) = n'/3(0 — 65) — N(0,4V)
1=1

provided nb — oo. Here
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Second assumption:

n_lzmz(XhHOaf) n_lz(f(Xz) - 90)2
1=1 1=1

= /f‘2 dF, — 2000 + 6>

P, /fgdx—2«9§+9§




18

EL under slower-than-root-n asymptotics

Sequence of estimating functions m,,(z, 6, iL)

Assumptions (for rate n®, 0 < a < 1/2)

na—l Z?:l mn(X'w 907 iL) L N(O7 Vl)
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EL for current status data

T ~ F failure time, S =1—F, pdf f, 6y = S(t)
C' ~ G check-up time, assumed independent of 1", pdf g

Only get to observe X = (C, A) where A = 1{T < C}.

Nonparametric likelihood
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Groeneboom (1987)

n'/3(S,(t) — S(t)) — 2¢Z

c={F@t)(1—F(t)f(t)/(29(t))}'/3
Z = argmin(W (s) + s2)
W is a two-sided Brownian motion

Banerjee and Wellner (2002)
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Is there an estimating function version of EL in this setting?
van der Laan and Robins (1998):

Efficient influence curve for the functional

b — /O " k() S () du

(estimable at root-n rate) given by
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A

Provides an efficient (plug-in) estimating function m(X, 0, F', g, k)
when F' or g is consistent

Covariates Z: approach extends to the marginal survival function of
T, assuming T' 1 C|Z.

ELT: Our result for estimating functions with plug-in gives

AL D
_ZIOgR(e())Faga k) = X%
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van der Laan and van der Vaart (2000)

Asymptotically normal estimator for 6y = S(t):
n'/2(8(t) = S(t)) = N(0,0%)

where o2 depends on F(t), g(t) and the limits of §(t), F(t).

Replace k by k,, = ky+, a kernel function of bandwidth
b="b, =bn1/3 centered at t.
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Main assumptions

g, F belong to classes of functions having uniform entropy of order
(1/€)V, V < 2, w.p. tending to 1

g or F locally consistent at t.

Note: If ¢ — ¢’ uniformly in probability, then g belongs to the class
of Lipschitz functions, w.p. tending to 1.
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Concluding remarks

Banerjee—\Wellner approach avoids smoothing, but won't allow ad-
justment for covariate effects.

Critical values of the limit distribution of Banerjee and Wellner need
to be found by via Monte Carlo.

Simulation studies needed . . .




