STAT 730: Homework 3

. An important application of two theorems from Chapter 3 to univariate
regression. Consider the usual regression model from STAT 704: y ~ N, (X3, ¢*Z,,)
where X (nxp) is full rank, n > p, and B(px 1) are regression effects. The first column in
Xisxq) =1,. Let X = [Xy(nx (p—k))Xa(nxk)] and 8" = (8, ((p—k)x 1), By(kx1)").
We have two models, reduced (R) and full (F):

R:y~ N,(X18,,0°T,), F:y~ N,(XB,0°T,).

Finally let Px = X(X'X)'X', Px, = X;(X}X;) !X}, and Py, = 1,1/, We will
construct the F-statistic for testing Hy : B, = 0 in the full model.

(a) Show SSR; = y'[Px — Px,]y has a scaled x? distribution under H, using
Cochran’s theorem. Hint: first show SSR; = (y — X18;)'[Px — Px,|(y — X18;)
and argue that (y — X;/3,) is a d.m. under Hy.

(b) Show SSRq = SSR; — SSR, where SSR, = y'[Px, — P1,]y and SSR; =
y'[Px — Pq,]y. This is the difference in SSR from the full and reduced models
(it is also the difference in the SSE). To see this, e.g., SSRy = 31", (i — y)? =
1y — 191" = [[XB = 1,9][* = [|[(Px — P1,)y|]* = y'[Px —P1,]y, using Px — Py,
idempotent & symmetric.

(¢) Similarly, show SSE; = y'|Z,, —Px]y has a scaled x? distribution under Hy using
Cochran’s theorem.

(d) Show SSRy indep. of SSE; using the “partitioning sums of squares”, i.e. Craig’s
theorem.

(e) Finally, show F* = % ~ Fj n—p under H,.

. Using the previous “big model / little model” result, show that the F-test in the usual
ANOVA table for univariate multiple regression has a F},_; ,_, distribution.

. Show E(x'Ax) = trAY + p'Ap where x ~ (p,X) is random and A is conformable.
Hint: E{tr(-)} = tr{E(-)} and trAB = trBA. Now find E(SSR;) when the full model
holds; under H, in the previous problem.

. Show 22X — a and ZXA% — (A + A)x.

0

. Let A = [a;j], all elements distinct. Show % = A;; where A;; is the ijth cofactor of
ij

A. Hint: use (I) on p. 457 plus a careful argument. Note: the result for symmetric A
is considerably more difficult.
. Let x1,...,x, “ N,(p, %) under the priors g ~ N,(m, V) indep. X' ~ W,(A,a).
Show

plE, X ~ Ny(nE+ VI nE7 %+ Viim], [nZ7 + VI,
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