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Abstract

Measuringagreement betweenquali�ed experts is commonlyusedto determinethe e�ec-

tiv enessof a diagnosticprocedure. Many methods are available for assessingagreement,

including Cohen'skappa, which is a very popular summary measureof agreement due to

its appealingly simple usageand interpretation. However, it has beenpreviously shown

that a number of 
a ws exist in its usage,which can lead to biasedestimatesof agreement.

Cohen'skappaseriouslyunderestimatesthe level of agreement betweenexperts classifying

items for a rare disease.In this paper we comparethe traditional Cohen'skappawith the

true form of Cohen's kappa when the measurement of agreement between many raters

and items in an underlying diagnostic procedureis of interest for binary classi�cations.

We demonstratehow an alternative newly developed kappastatistic basedupon the class

of generalizedlinear mixed models, that is interpretable in the samemanner as Cohen's

kappayet doesnot su�er from the same
a ws can provide a moreappropriate assessment

of agreement in a population-basedstudy. The form of the model-basedstatistic is ex-

amined for both the probit and logit scenarios.Simulation studiesand an application to

a cancerof the uterus study (Holmquist 1968)demonstratethe performanceof the three

di�eren t kappa statistics.

Key words : Cohen's kappa, model-basedkappa, agreement, prevalence, generalized

linear mixed model, crossedrandom e�ects, diagnosticprocedure,reliabilit y.
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1. In tro duction

In many biomedical settings, a subjective procedureis usedto diagnosea patient's con-

dition (Holmquist 1968,Beam 1996). For example,a quali�ed physician may examinea

biopsy for the presenceor absenceof cancer,and a psychologist may label the behavior of

children in the playground asagressiveor otherwisebasedupon someprespeci�ed criteria.

Strong agreement betweenraters in their classi�cations of such items could be considered

a necessaryprerequisitefor the e�ectiv enessof any diagnosticprocedure. However, wide

variabilit y hasbeenshown to exist betweenraters as far back as the 1950's(Yerushalmy

1956,Holmquist 1968,Elmore et al 1994,Beam 1996).

Inter-rater agreement studiesgenerallyinvolvethe classi�cation of a setof itemsby a small

group of raters, however, the main interest often lies in how results extend to the general

populationsof such ratersand itemsand the underlying diagnosticprocedure,and not just

the speci�c raters and items studied. Our focusin this paper is to examinethe assessment

of agreement over many raters and items, assumedto be randomly selectedfrom their

respective populations,and to make inferenceregardingthe underlying diagnosticprocess

of interest.

Many methodshavebeendevelopedto assessthe reliabilit y betweenraters' classi�cations.

Theseinclude summary statistics such as Cohen'skappa (Scott 1955,Cohen 1960), the

intra-class correlation coe�cien t (Shrout and Fleiss 1979, Barlow 1996, Kraemer 1979,

Bloch and Kraemer1989),and others(for example,Chinchilli, Martel et al 1996). Model-

basedapproachesinclude the classof log-linear models(Tanner and Young 1985,Agresti

1988, Goodman 1979, Schuster 2002), logistic regressionmodels (Coughlin et al 1992,

Graham 1995,Lipsitz et al 2003), latent classand latent trait models (Dawid and Skene

1979,Kraemer 1979,Uebersaxand Grove 1990,Williamson and Manatunga 1997), and
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others (Coull and Agresti 2003, Nelson and Pepe 2000). Many of these methods are

designedfor a small number of raters, and can becomeunwieldy for larger numbers of

raters. In addition, these methods provide information about the agreement between

a �xed set of raters under study, and do not extend to providing inferenceregarding

the populations of such raters, or the underlying diagnostic procedure. Other methods,

including a latent model approach developed by Williamson and Manutanga (1997), a

generalizedlog-linear model approach with random e�ects (Coull and Agresti 2003), a

population model for Cohen'skappa (Bloch and Kraemer 1989) considerthe agreement

scenariowhen many raters and items are involved, and are able to provide inference

regarding the diagnosticprocedure.

Originally developed as a chance-correctedmeasureof agreement of classi�cations made

on a binary nominal scalebetweentwo raters, Cohen'skappa hassincebeenextendedto

provide a summarymeasureof agreement for classi�cations madeon ordinal and nominal

scales,(Cohen 1968), for more than two raters (Fleiss 1971,Light 1971,Kraemer 1980),

and various other extensions(Ghosh et al 1995, Landis and Koch 1977, Barlow 1996,

Klar et al 2000). However, a number of issueshave beenraised in its usage,including a

susceptibility to marginal and prevalencee�ects (Byrt et al, Maclure and Willett 1987,

Nelson and Pepe 2000), Simpson's paradox (Thompson 2001), and sensitivity to the

number of categoriesemployed in the classi�cation (Maclure and Willett 1987). Cohen's

kappa is also rarely comparableacrossdi�eren t studies (Feinstein and Cicchetti 1990),

and somehypothesis tests have beendeveloped for testing the homogeneity of Cohen's

kappasacrossdi�eren t populations(Donner and Klar 1996). However, while model-based

approachesprovide a more completeand informative description of agreement than the

simpler summary statistics (Agresti 1988,Feinstein and Cicchetti 1990), Cohen'skappa

remainsa very popular tool in the assessment of agreement in many situations due to its
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easeof calculation and simple interpretation.

In this paper wedemonstratethat the true valueof Cohen'skappa,basedupon population

measuresand over many ratersand items, overcorrectsfor chanceagreement (equivalently,

prevalence),often resulting in severe underestimation of the agreement present between

the raters' classi�cations. We also describe how a simple model-basedmeasurebased

upon the classof generalizedlinear mixed models (Nelsonand Edwards 2007)providesa

summary of the agreement in a setting involving many raters and items, while avoiding

many of the issuesraised in Cohen's kappa usage,and still being simple to interpret

in a similar manner to Cohen'skappa. In addition, the described framework allows for

inferencesto be madeto be maderegarding the underlying diagnosticprocedure.

The remainder of the paper is as follows: In section2, we describe the true population-

basedmeasuresof observed and chanceagreement which are usedto formulate the kappa

measuresof agreement. Section 3 provides details on the form of Cohen'skappa when

population-basedinferenceis of interest. We describe the classof generalizedlinear mixed

modelsand associated model-basedmeasureof agreement and their estimation in section

4. Simulation studies are conducted in Section 5 to demonstrate the properties of the

fore-mentioned summary statistics of agreement. In Section6, an application to a breast

cancerstudy datasetis describedfollowedby discussionand concludingremarksin Section

7.

2. Population-based measures of agreemen t

When the primary focus is in making inferenceabout an underlying diagnostic process,

basedupon raters and items randomly selectedfrom their respectivepopulations, the true

values for the observed and chanceagreement rates between the raters can be derived.
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The observed probability of agreement p0 is the proportion of time that two randomly

selectedraters agreein their classi�cation of onerandomly selecteditem. The true value

of the observedor \ra w" agreement rate p0 in the underlying diagnosticprocessfor binary

classi�cations yij (1=diseased,0=not diseased,for example),madeby randomly selected

raters j and j 0, (j 6= j 0) on a randomly selecteditem i :

p0 = prf (yij = 1) \ (yij 0 = 1)g + prf (yij = 0) \ (yij 0 = 0)g

= 1 � 2prf (Yij = 1) \ (Yij 0 = 0)g: (1)

The classi�cations madeby the j th and j 0th raters on an item are interchangeablesince

the two raters are randomly selectedfrom the population, and thus any pair of ratings

hasa distribution that is invariant under permutations of the raters (Bloch and Kraemer

1989,Banerjeeet al 1999).

The true measureof chanceagreement, pc, is the probability that two randomly selected

raters from a population make identical classi�cations on two di�eren t randomly chosen

items. For raters j and j 0 and and items i and i 0 (i 6= i 0; j 6= j 0), the chanceagreement

rate takesthe form:

pc = prf (yij = 1) \ (yi 0j 0 = 1)g + prf (yij = 0) \ (yi 0j 0 = 0)g

= 1 � 2prf (yij = 1) \ (yi 0j 0 = 0)g: (2)

It is important to note that thesequantities are a consequenceof the setting (i.e. over

many raters and items), and are not reliant upon any statistical model onemay adopt for

the agreement process.The following theoremdemonstratesthe relationship betweenp0,

pc, and the minimum valuesthat thesequantities can take in this longrun setting.

Theorem 2.1. De�ning the prevalence p1 as the probability (or expected value) of

classifying a randomly selecteditem as positive (or a 1) by a single randomly chosen

6



rater, then over many raters and items, the rate of observed agreement is always equal to

or greater than the rate of chanceagreement, pc, which in turn is always greateror equal

to 0.5, i.e.

p0 � pc = 1 � 2p1(1 � p1) �
1
2

:

Pro of. First, de�ne pij = pr(yij = 1) for a speci�c item i and randomly chosenrater j .

We can de�ne pi � = pr(yij = 1jyi 1; yi 2; : : : ; yiN J ) whereNJ is the total number of raters in

the population. The unconditional prevalence(which assumesboth a randomly selected

item and rater) can be denotedasp1 = pr(yij = 1) = E i (pi �). Consideringthe probability

of disagreement between two randomly selectedraters j and j 0 (j 6= j 0) classifying the

samei th item, we observe that:

pr[(yij = 1) \ (yij 0 = 0)] = E[yij (1 � yij 0)]

= E i [E [yij (1 � yij 0)]jyi 1; yi 2; : : : ; yiN J ]

= E i

�
NJ

NJ � 1
pi �(1 � pi �)

�

�
NJ

NJ � 1
E i (pi �)E i (1 � pi �) (Jensen'sinequality)

=
NJ

NJ � 1
p1(1 � p1)

� p1(1 � p1) when NJ is very large.

Thus, the rate of observed agreement satis�es:

p0 = 1 � 2pr[(yij = 1) \ (yij 0 = 0)]

� 1 � 2(
NJ

NJ � 1
)p1(1 � p1)

� 1 � 2p1(1 � p1) = pc as NJ ! 1 :
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Theserelationshipsin the above theoremalsohold asa consequenceof the setting of many

raters and items in the long run, and arenot a consequenceof a speci�c model framework.

The minimum allowable value of 0.5 for both quantities p0 and p1 is also evidencedby

work carried out by Bloch and Kraemer (1989). In a practical sense,the minimum value

of p0 will be achieved when the randomly selecteditems cannot be distinguished from

each other when being rated, and the raters consequently classifyeach item in a random

manner with a �ft y-�ft y chanceas a successor failure.

3. Cohen's Kappa

The true form of Cohen'skappa(Scott 1955,Cohen1960)basedupon classi�cationsmade

by a population of raters on a population of items, is de�ned as

� =
p0 � pc

1 � pc
;

where p0 and pc are de�ned in Section 2 above. Cohen'skappa is commonly estimated

for a sampleof data as �̂ = (p̂0 � p̂c)=(1 � p̂c), wherep̂0 and p̂c are consistent estimators

of observed and chanceagreement obtained from the sampledata. This data-driven form

of Cohen's kappa can take on values between -1 and 1, where a large positive value is

suggestive of strong agreement betweenraters, and values lessthan 0 meansthe agree-

ment is lessthan what would be expectedby chance. Cohen'skappa is not model-driven

(Brennan and Prediger 1981),which explainswhy there is often no distinction madebe-

tweenthe estimatedkappa, �̂ , and its true value, � . Cohen'skappais dependent upon the

marginal distributions of the raters' classi�cations, frequently leading to prevalenceand

bias e�ects, which can severely under- or over-estimatethe resulting agreement between

the raters. The prevalencee�ect is due to the e�ect of the relative proportions of the

\y es" and \no" categories(for the samep0, Cohen's kappa can be two or more times
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greater), and the bias e�ect occurswhen the marginal totals are unbalancedbetweenthe

two raters. Variousattempts to adjust for thesee�ects, including the PABAK (prevalence

and bias-adjustedkappa) (Byrt et al 1993,Feinsteinand Cicchetti 1990),simply a scaled

version of the observed rate of agreement and not chance-corrected,tend to su�er from

the sameissuesas the original kappa.

4. Mo del-based measures of agreemen t

The classof generalizedlinear mixed modelswith a crossedrandom e�ects structure pro-

videsa 
exible framework for examiningagreement in an underlying diagnosticprocedure

for speci�ed populations of raters and items, whereany numbersof raters and items can

be included, and missingdata is allowed. Thesemodels incorporate the raters and items

asrandome�ects, allowing for inferenceto be madeon the underlying populationsof such

raters and items, and thus providing consistent estimatesof the true quantities usedfor

measuringagreement asdescribed in Section2. De�ning yij asthe classi�cation madeby

the j th randomly chosenrater on the i th randomly selecteditem, the associated proba-

bilit y of the item beingclassi�ed asa success,pij , canbe modelledusingeither a probit or

logit link function for binary classi�cations. The generalform of this model is as follows:

g(�) = � + ui + vj i = 1; : : : ; I ; j = 1; : : : ; J;

where g(�) is the link function of choice, and � , the intercept term, adjusts for the in-

ternal prevalence(the long-run frequencyof successes)in the data; a large value for � is

associated with a high frequencyof successes.The terms ui and vj refer to the random

e�ects for the i th item and j th rater, which are assumedto be independent and normally

distributed with mean 0 and variances� 2
u and � 2

v respectively. A positive value for ui

suggeststhat the i th item is more likely than other items to be classi�ed as a success
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(or positive) over many raters. A positive value for vj suggestsa rater who is relatively

liberal in classifyingan item as a successover his/her classi�cation of many such items.

4.1 Cohen's kappa for a probit generalized linear mixed mo del

A generalizedlinear mixed model with a probit link function for modelling binary classi-

�cations takesthe form:

� � 1(pij ) = � + ui + vj i = 1; : : : ; I ; j = 1; : : : ; J: (3)

De�ning a new random variable W whosequantile function is the inverse cumulative

normal distribution (more generallyg� 1(�)), whereW is normally distributed with mean0

and variance� 2
W = 1 is usefulhere. Under the probit model, the true valueof the observed

or \ra w" agreement p0 in the underlying diagnosticprocess,for randomly selectedraters

j and j 0, (j 6= j 0) classifyinga randomly selecteditem i , is derived asfollows (basedupon

equation 2 in Section3.0):

p0 = 1 � 2prf (yij = 1) \ (yij 0 = 0)g

= 1 � 2Ef g� 1(� + ui + vj ) [1 � g� 1(� + ui + vj 0)]g

= 1 � 2E f pr(W1 � � + ui + vj ) [1 � pr(W2 � � + ui + vj 0)]g

= 1 � 2
Z 1

�1
pr(W1 � v1 � � + u) [1 � pr(W2 � v2 � � + u)] �

�
u
� u

�
1
� u

du

= 1 � 2
Z 1

�1
�

�
z
p

� + � �

p
1 � �

� �
1 � �

�
z
p

� + � �

p
1 � �

��
� (z) dz; 0 � p0 � 1; (4)

where� = � 2
u=(� 2

u + � 2
v + � 2

w) and � � = � =
p

� 2
u + � 2

v + � 2
w and the functions � and � arethe

standard normal pdf and cdf respectively. The quantitit y � is itself an appealingmeasure

of agreement in a similar mannerto an intraclasscorrelation coe�cien t (Shrout and Fleiss
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1979): large valuesof � occur when the varianceof the items, � 2
u is large relative to the

variabilit y in the raters' attitudes and experience,� 2
v . It can be demonstratedthat p0,

given by equation (4), is a symmetric function of the standardizedprevalenceparameter

� � , and monotonically increaseswith j� � j and � , as shown in Figure 1(a). In practice,

this meansthat asthe items becomemoredistinguishablefrom oneanother (larger values

of � 2
u) relative to the total variabilit y, the rate of observed agreement betweenthe raters

increases,and at a faster rate for milder prevalence.

Under the probit model, the prevalencep1 is calculatedas:

p1 = Ef �( � + ui + vj )g = prf Wij � ui � vj � � g = �( � � ): (5)

Thus the true measureof chanceagreement, pc, is a simple one-to-onefunction of the

standardizedinternal prevalence� � :

pc = 1 � 2p1(1 � p1) = 1 � 2�( � � )[1 � �( � � )]: (6)

Thesepopulation-basedquantities can be estimated by �nding consistent estimators of

the parameters� ; � 2
u and � 2

v in the corresponding generalizedlinear mixed model through

the useof maximum likelihood or other available methods.

The true form of Cohen's kappa under the probit model using the previously de�ned

model-basedmeasuresof p0 and pc from equations(4) and (6) above is:

� =
p0 � pc

1 � pc
= 1 �

R1
�1 �

�
z
p

� + � �
p

1� �

� h
1 � �

�
z
p

� + � �
p

1� �

�i

�( � � )f 1 � �( � � )g
� (z)dz: (7)

The true value of Cohen's kappa statistic, � , is calculated basedon population-based

measures� and � � obtained from the associated probit generalizedlinear mixed model.
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Figure 2(a) displays a plot of Cohen's kappa � against � for increasing levels of the

standardized internal prevalence� � under the probit model. It is observed for a �xed

value of � that the value of Cohen'skappa decreasesas � � increases,indicating a reliance

of Cohen'skappa on the amount of chanceagreement present (sincechanceagreement is

a one-to-onefunction of prevalence). This is similar to the prevalencee�ect observed in

the data-driven form of Cohen'skappa. This relationship is alsodemonstratedin Figure

3, which displays the valuesof Cohen'skappa against prevalencep1 for di�ering values

of � , wherethe in
uence of prevalenceon the resulting value of Cohen'skappa is clearly

observed. However, a population-basedmeasureof agreement, after an adjustment for

chance-agreement hasbeenmade,shouldbe robust to the level of prevalence(i.e. chance

agreement), and in
uenced only by the item distinguishability and variabilit y between

the raters, components of the quantit y � . The decreasein the value of � associated with

an increasingabsolutevalue of prevalenceindicates that Cohen'skappa is overcorrecting

for prevalence.The e�ect is relatively minor when the underlying prevalenceis mild, say

� 1 < � � < 1, but will severelybiasthe valueof Cohen's� downwardswhenthe prevalence

is large. As a consequenceof Theorem2.1, we note that the true value of Cohen'skappa

cannot be lessthan zero when basedupon population-basedmeasures,sinceany rating

processmust have agreement at least as large aswhat would be observed when the items

are indistinguishable.

Figure 2(a) also demonstratesthat the value of Cohen'skappa increasesas the value of

� increases- larger valuesof � suggestthat the items are more distinguishablefrom each

other, which leadsto better agreement betweenraters. The increasinge�ect is slower for

larger valuesof the standardizedinternal prevalence� � .
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4.2 Cohen's kappa for a logit generalized linear mixed mo del

The resultspertaining to the probit generalizedlinear mixed model above have the appeal

of simplicity: the observed agreement p0 and Cohen'skappa � are functions only of the

standardizedinternal prevalencej� � j and � . However, in practice, the logit link function

enjoys far more widespreaduse than the probit link. In this section we show the true

forms of observed and chance probabilities of agreement and Cohen's kappa when the

logit link generalizedlinear mixed model is employed. The generalizedlinear mixed model

consideredhere is:

log
�

pij

1 � pij

�
= � + ui + vj i = 1; : : : ; I ; j = 1; : : : ; J;

where the terms are as de�ned earlier in Section 4.1. The random variable W is again

de�ned as the random variable whosequantile function is g(�); for the logit link function,

W hasa logistic distribution with density function

f W (w) =
e� w

(1 + e� w)2
; �1 < w < 1 ;

with a meanof 0 and variance� 2
w = � 2=3. A newparameterde�ned as� 2 = � 2

v=(� 2
v + � 2

w),

which can take valuesbetween0 and 1, measuresthe relative strength of the normally

distributed rater random e�ect v = vj in the random variable Q = (W � v)=� u. When

� 2 is near 1, the rater random e�ects vj dominate the logistic component of Q, and the

results will be very similar to those seenfor the probit model. For example, consider

the overall prevalencein the logistic model, with its exact form using the law of total
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probability and algebragiven by:

p1 = prf Wij � ui � vj � � g

= prf [(1 � � 2)(1 � � )]
1
2 W � + �

1
2 Zu + [� 2(1 � � )]

1
2 Zv � � � g

=
Z 1

�1
�

(
� � � [(1 � � 2)(1 � � )]

1
2 s

[� + � 2(1 � � )]
1
2

)

f W � (s)ds;

for W � = Wij =� W ; zu = � ui =� u; and zv = � vj =� u. As � 2 approaches1, the in
uence of

the standardizedlogistic term W � in the above expressiondecreases,and p1 convergesto

the sameexpressionas observed under the probit model formulation:

lim
� 2 ! 1

p1 = pr(�
1
2 zu + (1 � � )

1
2 zw � � � ) = �( � � ):

Under the logit model in equation (3), the observed agreement rate p0 is:

p0 = 1 � 2
Z 1

�1
FQ

�
� �

p
� + z

� �
1 � FQ

�
� �

p
� + z

��
� (z)dz;

where� � ; � and � 2 are asde�ned earlier in equations(3), (4) and (12) respectively. Under

the logit model whenW hasa logistic distribution and the rater random e�ects normally

distributed, the cumulative distribution function of Q is:

FQ(q) = pr(Q � q) =
Z 1

�1
�

(

q
�

�
� 2(1 � � )

� 1
2

� s
�

1 � � 2

� 2

� 1
2

)

f W � (s)ds:

The true form of chance agreement is of a similar form as for the probit model, pc =

1� 2p1(1 � p1). Figure 1(b) presents a plot of the true observed agreement rate against �

for increasingamounts of standardizedinternal prevalenceunder the logit model, where

the term � 2 is set at 0:50. We observe a similar trend as for the probit model displayed

in Figure 1(a) (which corresponds to � 2 ! 1); as the distinguishability between the

items improvesrelative to the total variabilit y, the observed agreement rate p0 increases.
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Di�ering valuesof � 2 result in almost identical plots, with only subtledi�erencesoccurring

at very low valuesof � .

Basedupon the true forms of p0 and pc derived under the logit model, the analytical form

of Cohen'skappa is:

� M = 1 �

2

6
6
4

R1
�1 FQ

�
� �

p
� + z

� h
1 �

�
� �

p
� + z

�i
� (z)dz

R1
�1 �

�
� � � [(1� � 2 )(1 � � )]

1
2 s

[� + � 2 (1� � )]
1
2

�
f W � (s)ds

�
1 �

R1
�1 �

�
� � � [(1� � 2 )(1 � � )]

1
2 s

[� + � 2 (1� � )]
1
2

�
f W � (s)ds

�

3

7
7
5 ;

where FQ(q) is as de�ned in equation (7). In Figure 2(b), the true values of Cohen's

kappa under the logit model formulation are presented for increasingprevalencej� � j and

for � 2 = 0:5. Again, for other valuesof � 2 the plots werevirtually identical. The observed

and chance agreement rates p0 and pc and Cohen's kappa are fairly 
at as functions

of � 2, which explains why the choice of � 2 is of little importance. We again observe

the similarit y of the plot with those seenunder the probit model - that Cohen'skappa

overcorrectsfor prevalence/chanceagreement, and more severely so for larger valuesof

standardizedinternal prevalence.

Though the results of this sectionare mathematically more complex than for the probit

link, it has been shown that the relationships between the true values of the observed

agreement p0 and j� � j and Cohen'skappa are for all intents and purposesequivalent to

thosefound for the probit link - a fact that should not be surprising given the similarit y

of the standardizedlogistic and normal distributions.
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5. A mo del-based measure of agreemen t for the probit
generalized linear mixed mo del

Cohen'skappa was originally developed in the absenceof any formal model for the data

as a simple summary statistic of agreement with correction for chanceagreement. For

population-basedstudies where models such as the probit and logit generalizedlinear

mixed models described in Section3 can be employed, more appropriate correctionsfor

chance-agreement correction can be developed.

In this sectionwe describe a simplesummarystatistic � M basedupon the probit general-

ized linear mixed model (Nelsonand Edwards 2007)which estimatesagreement between

raters in an underlying diagnostic procedure. This statistic is basedupon the classi�ca-

tions madeby a set of randomly selectedraters on a set of randomly selecteditems, while

appropriately adjusting for chanceagreement. The quantit y � M is primarily basedupon

the observed agreement p0, and after adjusting for the chanceagreement, is scaledto take

valuesbetween0 and 1 to allow for direct comparability and interpretabilit y as Cohen's

kappa.

The model-basedkappa takesthe form:

� M = 2p0(� = 0; � 2
u; � 2

v) � 1

= 2
�
1 � 2

Z 1

�1
�

�
z
p

�
p

1 � �

� �
1 � �

�
z
p

�
p

1 � �

��
� (z) dz] � 1

�

= 1 � 4
Z 1

�1
�

�
z
p

�
p

1 � �

� �
1 � �

�
z
p

�
p

1 � �

��
� (z) dz: (8)

Chanceagreement is adjusted for by setting the standardizedinternal prevalenceterm � �

to zero sincechanceagreement pc is a monotonefunction of j� � j and is minimized when

� � = 0. The approximate varianceassociated with the model-basedkappa� M in equation
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(8) is derived using the asymptotic distributions of the estimatedvariances� 2
u and � 2

v and

the multiv ariate delta theoremas follows:

p
n(( �̂ 2

u; �̂ 2
v) � (� 2

u; � 2
v)) d! N (0; �) ; wherethe matrix � =

�
2� 4

u 0
0 2� 4

v

�
and

var(�̂ M ) =
16
I J

" � Z 1

�1

�
1

2�̂ (1 � �̂ )

�
z
p

�̂
p

1 � �̂

�
�

�
z
p

�̂
p

1 � �̂

� �
1 � 2�

�
z
p

�̂
p

1 � �̂

���
� (z) dz

� 2

�

�
2�̂ 4

u

(�̂ 2
T )4

�
(�̂ 2

v + �̂ 2
w)2 + �̂ 4

v

�
� �

where � 2
T = � 2

u + � 2
v + � 2

W . Under the logit model described in Section 3.2, a value

for Cohen's kappa can also be derived. However, since the prevalencep1 and chance

agreement pc are still monotonefunctions of � and j� � j respectively, the expresssionfor

� M under the probit model is a viable choicefor a chance-correctedmeasureof agreement

under the logit link model.

Consistent estimatorscan be obtained for the parameters� ; � 2
u and � 2

v in both the probit

and logit generalizedlinear mixed model usinga readily-available almost-exactmaximum

likelihood algorithm (McCulloch 1997). This algorithm is described in moredetail below.

6. Simulation Studies

Simulation studieswerecarriedout to comparethe three summarystatistics of agreement:

the traditional form of Cohen'skappa � , calculated on estimatesof p0 and pc obtained

directly from the data (Cohen1968);and the true form of Cohen'skappa and the model-

basedkappa, basedupon population measuresof p0 and pc, calculated using estimated

parametersfrom the associated generalizedlinear mixed model.
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One hundred datasetswere randomly generatedaccordingto the model

� � 1(pij ) = � + ui + vj i = 1; : : : ; I ; j = 1; : : : ; J;

basedupon the true valuesof the parametersset at � = (� ; � 2
u; � 2

v) = (4; 2; 2), for J = 20

raters and I = 20 items with random e�ects terms assumednormally distributed with

mean 0. Other sets of simulations were also conducted to test the e�ects of increasing

prevalenceon the three kappastatistics, with other valuesof � setat � 4; 0 and 1. Almost-

exactmaximum likelihood estimatesof the parametervector � = (� ; � 2
u; � 2

v) wereobtained

by implementing McCulloch's MCEM (Monte-Carlo expectation-maximization)algorithm

(McCulloch 1997). This algorithm usesa Metropolis-Hastingsstep to samplesetsof the

(unobserved) randome�ects by drawing vectorsu = (u1; u2; :::; uI ) and V = (v1; v2; :::; vJ )

from the conditional distributions f (ujy) and f (vjy) respectively. At each iteration, m

setsof random e�ects are drawn, and the valueof E(l(� t )jy) is estimatedthrough the use

of Monte-Carlo averaging,wherel(� t )jy is the log-likelihood function of the completedata

(y; u; v). The value of m ranged from 1000for earlier iterations to 500,000for the �nal

iterations. Starting valueswere set at � = 1, � 2
u = 1, and � 2

v = 1. Other starting values

were also tried and convergedto the sameparameter estimates. The parameter vector

� was updated at each iteration using the one-stepexpectation-maximization algorithm.

Convergenceof the parameterswas consideredsuccessfulwhen the di�erence between

the previous estimates and the updated estimates took a maximum value of 0.00001.

More details on this algorithm can be found in McCulloch (1997). This algorithm was

implemented by the authors using the C programming language.

Table1 presents the meanvalueand observedstandarderrorsof the estimatedparameters

obtained from �tting the probit generalizedlinear mixed model and the three estimated

kappas for � = 4. It is observed that the almost-exact maximum likelihood estimates
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yielded by McCulloch's MCEM algorithm are unbiased. The mean value of Cohen's

kappa,both the data-drivenand true formsareconsistently smallerthan the model-based

kappas.

Table1: Meansand standard errorsof the estimatedparametersof the probit generalized
linear mixed model and the estimated kappa statistics basedon 100 simulated datasets
where� = (� = 4; � 2

u = 2; � 2
v = 2), and I ; J = 20.

Parameter Mean (Standard error)

� (= 4) 3.986 0.726

� 2
u (= 2) 2.281 1.363

� 2
v (= 2) 2.198 1.296

Cohen'skappa (true) � 0.156 0.102

Cohen'skappa (data-driven) �̂ 0.107 0.082

Model-basedkappa � M 0.269 0.133

Figure 4 displays boxplots of the three di�eren t kappa statistics, the traditional Cohen's

kappaand population-basedform of Cohen'skappa,and the model-basedkappastatistic,

for increasingvaluesof prevalence,� = � 4; 0; 1; 4. Resultsare basedon the onehundred

simulated datasetsfor each valueof � used. It is observed that asthe absolutevalueof the

prevalenceterm � increases,both the estimatedCohen'skappastatistic � and true Cohen's

kappadecreaseon average,leadingan overcorrectionfor prevalence,while the model-based

kappa statistic � M remains constant, correctly adjusting for the increasingprevalence.

The overcorrectionin Cohen'skappa is morenoticeableasthe true underlying prevalence

increases.The data-driven form of Cohen'skappa is more susceptibleto this e�ect than

the true form of Cohen's kappa basedupon population measures. The overcorrection

leadsto underestimating the level of agreement present betweenthe raters.
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7. Application to a cancer dataset

This section describes the application of the developed methodology and model-based

kappa statistic, � M , to a biomedical dataset collected by Holmquist et al (1968). The

datasetconsistsof classi�cationsmadeby sevenpathologistsfor the diagnosisof carcinoma

in situ of the uterine cervix. Each pathologist rated 118slideson a �v e-point scale,where

1 = negative, 2 = atypical squamoushyperplasia, 3=carcinoma in situ, 4=squamous

carcinomawith early stromal invasion, 5=invasive carcinoma. For the current analyses,

the classi�cation scalehasbeendichotomized,sothat 0 = absenceof cancercombinesthe

original categories1 and 2, while 1 = presenceof cancercombinesthe original categories

3, 4 and 5. Table 1 summarizesthe pairwise agreement over all pairs of seven raters,

where the classi�cation of each item by a pair of raters, for example, raters 1 and 2 is

included only oncein the table.

Table 2: Summary of the pairwise agreement for the seven pathologists each classifying
118slidesfor the presence(=1) or absence(=0) of cancer(Holmquist et al 1968).

Rater 2

Category 1 0 Total

Rater 1 1 475 148 1709

0 294 1561 769

Total 1855 625 2478

An estimateof Cohen'skappa (equation (1)) basedupon the observed and chanceagree-

ment calculated directly from the data was calculated for this dataset. As the dataset

contains many raters, a weighted form of Cohen'skappa was implemented (Fleiss 1971).
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The valueof Cohen'skappabasedupon population-basedmeasuresof observedandchance

agreement asestimatedfrom a probit generalizedlinear mixed model �tted to the dataset,

and the model-basedkappa statistic, � M , werealsocalculatedfor the Holmquist data.

The probit link generalizedlinear mixed model in equation(3) was�tted to the data using

the data for I = 118slidesand J = 7 raters. Almost-exact maximum likelihood estimates

of the parametersin the vector � = (� ; � 2
u; � 2

v) wereobtainedby implementing McCulloch's

MCEM (Monte-Carlo expectation-maximization) algorithm (McCulloch 1997)in a similar

manner described in the previoussection.

The estimatedparametersfrom the �tted probit generalizedlinear mixed model, and the

three versionsof Cohen'skappa are presented in Table 1. We observe that the estimated

prevalence � is negative, re
ecting the fact that less than half of all the slides were

rated as diseasedby the pathologists. A relatively high value of � 2
u estimated for these

classi�cations suggeststhat there is considerablevariabilit y between the items, making

them reasonablydistinguishablefrom each other. In contrast, the rater-to-rater variabilit y

is small, suggestingrelative consistencyof the pathologistsin their classi�cations of slides

such as these.

Basedon the combined data from the sevenraters, the data-drivenvalueof Cohen'skappa

asoriginally de�ned by Cohen(1960)and extendedto a weighted kappa (Fleiss,1971)to

allow for multiple raters is 0.512.This suggestsmoderateagreement betweenthe raters in

their classi�cations of the items. The estimate of the model-basedkappa in equation (7)

is 0.537,slightly higher in value than Cohen'skappa,due to the higher prevalence� . The

di�erences between the three kappa statistics are not overly dramatic in this example,

sinceprevalenceis mild.
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8. Discussion

In many instances,the assessment of agreement betweenquali�ed raters in a diagnostic

procedureis helpful in determining its e�ectiv eness.Concernregardingthe wide variabil-

it y often observed betweenraters in commonlyuseddiagnosticprocedureshas led to the

development of many di�eren t methods for assessingagreement. When the focusis on the

characteristicsof agreement in the underlying diagnosticprocedureover many raters and

items, the classof generalizedlinear mixed models provides an appealing framework for

the measurement of agreement, where inferencecan be made regarding the populations

of raters classifyingthe items of interest. Our focus here is on classi�cations madeon a

dichotomousscale,for example,an item is rated as diseasedversusnot diseased.

In this paper, we have shown that the true value of Cohen'skappa statistic, basedupon

population measuresof observed and chanceagreement, overcorrectsfor prevalence,lead-

ing to overly conservative estimatesof agreement. In situations where the prevalenceis

more extreme, i.e. closeto 0 or 1, Cohen'skappa will be seriouslybiased. For any rare

disease,Cohen'skappa would seriouslyunderestimatethe amount of agreement present

betweenthe raters. However, an alternative summary statistic basedupon a generalized

linear mixed model is shown to more appropriately adjust for prevalence(and chance

agreement), while remaining appealingly simple to interpret in a similar manner to Co-

hen's kappa. Further details on the application of this statistic can be found in Nelson

and Edwards (2007).

More extensive work on optimal estimation and formal inferenceon the parametersand

quantities of interest, including the model-basedkappastatistic � M under the generalized

linear mixed model framework are issuesdeservingfurther study and are topics for future

research.
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Table 3: Parameterestimatesfor the Holmquist cancerdataset.

Parameter Estimate (Standard error)

� -0.408 0.602

� 2
u 8.491 2.213

� 2
v 1.874 1.083

Cohen'skappa (true) � 0.536

Cohen'skappa (data-driven) �̂ 0.512

Model-basedkappa � M 0.537 0.011
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Figure 1: Plots of � � for increasing� and p0 under (a) the probit model and (b) the logit
model.
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Figure 2: Plot of the true value of Cohen'skappa � versus� for increasingstandardized
internal prevalence� � under (a) the probit model and (b) the logit model.
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