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Abstract

Agreement between physicians in their classification of items such as mammograms for

the presence of disease is an important tool in assessing the reliability of a diagnostic pro-

cedure, and the modeling of agreement data is a popular topic in the biomedical and social

sciences. Interest often lies in assessing agreement in the underlying diagnostic procedure

and making inferences for the populations of raters and items typically involved in the

rating process. However, the majority of methods currently available are limited to infer-

ence for the specific groups of raters and items selected for study, and most do not apply

when many raters are involved. In this paper we describe the use of generalized linear

mixed models with crossed random effects to model agreement between many raters and

items over the long-run for classifications made on a binary scale. These models flexibly

allow for missing and unbalanced data, many raters and items, the inclusion of covari-

ates that may influence the agreement process and most importantly, provides inference

regarding the underlying diagnostic process and the populations of the typical raters and

items involved in such classifications. To provide an overall measure of agreement we pro-

pose a summary model-based statistic which is easily interpretable in a manner similar

to Cohen’s kappa statistic, while avoiding some of the biases that arise in Cohen’s kappa

usage. The proposed agreement measure can also be used to describe agreement between

subgroups of raters and items by utilizing available covariate information. Simulation

studies demonstrate that the proposed approach provides unbiased chance-corrected es-

timates of agreement. The methods are applied to an agreement dataset involving the

classification of mammograms for the presence/absence of breast cancer (Beam 2003).

Key words: agreement, model-based kappa, Cohen’s kappa, generalized linear mixed

model, crossed random effects.
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1 Introduction

The best available screening or diagnostic tests in biomedical practice often involve the

subjective classifications of items such as x-rays or biopsies by qualified professionals. For

example, initial screening for breast cancer is commonly carried out through the visual

interpretation of mammograms by a physician. The pervasive use of these subjective di-

agnostic procedures provides a strong motivation to develop methods to assess their relia-

bility, which is usually measured as the level of agreement between a number of raters each

classifying the same sample of items or subjects of interest. Strong agreement between

raters is considered a necessary prerequisite for the effectiveness of any subjective proce-

dure intended for diagnostic purposes, yet it is well-acknowledged that wide variability

between raters is commonly observed (Yerushalmy 1956, Landis and Koch 1977, Elmore

et al 1994). This has been demonstrated in several studies over the last few decades,

including the assessment of slides in the detection of uterine cancer (Holmquist 1968), the

agreement between diagnostic instruments in the detection of liver cancer (Henkelman

et al 1967) and between physicians in their classification of mammograms (Elmore et al

1994, Beam et al 2003). Concerns about the subjective nature of classifications in breast

imaging (American College of Radiology 2004) have prompted efforts to assess the levels

of agreement and identify factors that may influence agreement within the process with

the aim of improving the effectiveness of this procedure (Beam et al 2003, Miglioretti and

Heagerty 2007).

While the study of inter-rater agreement involves examining the classification of a set

of items by a group of raters, a primary interest often ultimately lies in how the results

relating to agreement extend and generalize to the underlying diagnostic procedure and

the populations of raters and items typically involved, rather than regarding the specific
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groups of items and raters studied. In this paper, our focus is on examining agreement

in the long-run situation, over many raters and items, so that inference can be made

regarding the underlying diagnostic procedure. This is especially useful for commonly

used procedures.

To date, methods for modeling agreement data fall into two broad categories - summary

statistics and model-based approaches. Summary statistics include Cohen’s kappa statis-

tic (Cohen 1968), the intraclass correlation coefficient (Shrout and Fleiss 1979, Kraemer

1979, Bloch and Kraemer 1989), concordance correlation coefficient (Lin 1989) and others.

In particular, Cohen’s kappa is very popular among biomedical professionals due to its

appealingly simple calculation and interpretation. While corrected for chance agreement,

it has been shown to be susceptible to a number of biases, including bias and prevalence

effects (Byrt et al 1993, Maclure and Willett 1987), Simpson’s paradox (Thompson 2001),

is also reliant upon the number of classes chosen for the classification scale (Maclure and

Willett 1987), and is rarely comparable across different studies (Feinstein and Cicchetti

1990). Despite its shortcomings, Cohen’s kappa is commonly applied in many settings,

and has been extended in many different ways to incorporate many raters (Fleiss 1971,

Light 1977, Kraemer 1980, Conger 1998), ordinal classification scales (Cohen 1968), ad-

justments for marginal and prevalence effects (Byrt et al 1993, Feinstein and Cicchetti

1990), and the inclusion of covariate information (Barlow 1996, Klar et al 2000, Landis

and Koch 1977). Banerjee et al (1999) provide an excellent overview of the different

summary statistics available for modelling agreement.

Model-based approaches provide a more complete and broader framework for examining

agreement in any setting. Methods developed include log-linear models (Tanner and

Young 1988, Agresti 1988, Goodman 1979, Coull and Agresti 2002, Graham 1995), latent

class and trait models (Dawid and Skene 1979, Williamson and Manatunga 2003, Uebersax
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and Grove 1990), logistic regression models (Coughlin 1992, Lipsitz 2003). Several of

these approaches consider the raters as fixed effects, and provide inference to the specific

raters and items under study, not extending to inference regarding the populations of

such raters. Such methods work well when a small number of raters is involved, but

may become increasingly complex and involve a large number of parameters when more

than two or three raters are included. The log linear models and latent models can

incorporate covariate information, however, few methods currently available are able to

jointly incorporate covariate information and yield inference regarding the underlying

diagnostic procedure and populations of raters and items of interest.

Our aims in this paper are to develop a model-based approach where the levels of agree-

ment between any number of raters classifying any number of items can be examined, and

inference made regarding the populations of raters and items and underlying diagnostic

process. We propose a model-based measure of agreement which is simple to interpret in a

similar manner to Cohen’s kappa, while avoiding many of its weaknesses. To the authors’

knowledge, there are no model-based summary statistics currently available that are com-

parable to Cohen’s kappa. Our focus is on classifications made on a binary scale, where,

for example, an item is classified as diseased or not diseased. The inclusion of covariates

that may impact the agreement process within the model is discussed and can provide

valuable insight into how relevant factors might influence the classifications made and the

agreement between the raters. The class of generalized linear mixed models provides an

appropriate and flexible framework to achieve these goals using a conditional approach,

flexibly incorporating many raters and items, unbalanced data, and covariates considered

important in the assessment of agreement. These models have the added advantage that

inferences about the specific raters and items selected for study can also be examined.

Williamson and Manatunga (1997) consider a flexible latent variable model approach for

5



modelling ordinal agreement data where many raters and items and covariate information

can be included. Their method differs from ours in that their inference is based upon a

semi-marginal approach described by Qu et al (1995) which involves averaging over the

raters and items in the study, while including a small random component to explain any

additional variability. As each rater is included as an individual fixed effect, with a rater

chosen arbitrarily as the reference rater, Williamson and Manatunga’s method is best-

suited for a small number of raters. The inclusion of covariates in their model is mentioned

in passing besides a comparison of two methods used in the classifications by the raters.

Nelson and Pepe (2000) comment that latent model approaches tend to be based upon

strict latent model assumptions which can be difficult to verify, and in Williamson and

Manatunga’s model, this includes an assumption that the total variability sums to one.

Results from latent models can also be difficult to interpret.

The remainder of the paper is as follows: Section 2 describes the class of proposed mod-

els with the inclusion of covariates, while Section 3 develops the proposed model-based

measure of agreement. In Section 4, simulation studies are conducted to examine the

properties of the model and measure of agreement. An application to a breast cancer

dataset where mammograms were classified by a number of physicians is described in

Section 5, and in Section 6 concluding remarks and discussion are made.

2 Models and measures of agreement

2.1 A generalized linear mixed model for agreement

A natural choice for modeling agreement data when the underlying diagnostic procedure

is of interest, is the class of generalized linear mixed models with a crossed random effect

structure. We restrict our attention here to classifications made on a binary scale, for
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example, yij = 1 if the ith item is rated as positive, or a “success” (for example, diseased)

by the jth rater, and yij = 0 otherwise. It is assumed that the raters and items selected

for study are random samples from their respective populations. The outcomes can be

modeled using a generalized linear mixed model with either a probit or logit link function,

as follows:

(a) Probit: Φ−1(pij) = η + ui + vj (b) Logit: log

(

pij

1 − pij

)

= η + ui + vj, (1)

for i = 1, . . . , I and j = 1, . . . , J . The quantity pij = pr(yij = 1) is the probability of

the ith item being classified as a success by the jth rater, and the intercept constant

η is a measure of the prevalence of successes in the data. When η is large, the overall

frequency of successes in the data is high. The terms ui and vj represent random effects

for the ith item and jth rater respectively with assumed Normal(0, σ2
u) and Normal(0, σ2

v)

distributions. A positive (negative) value for ui suggests that the ith item is more (less)

likely than other such items to be classified as a success over many raters. A positive

(negative) value for vj reflects a rater who is more liberal (cautious) in classifying an item

as a success over many items. A large value of σ2
u is indicative of items which are easy

to distinguish from one another. While the logit link function is commonly employed in

practice when modelling dichotomous outcomes, we will focus on the probit link function

for ease of mathematics. Nelson et al (2007) demonstrate that nearly identical results are

yielded for the logit link generalized linear mixed model.

2.2 A generalized linear mixed model for agreement with co-
variates

In any rating process, various factors are likely to influence the classification of items made

by raters and in the agreement between the raters. For example, in the classification of
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mammograms, the age of the woman on whom the mammogram is taken is an important

factor as it is well established that the prevalence of breast cancer increases with a woman’s

age (Feuer et al 1999), thus the mammogram of an older woman is more likely to display

breast cancer than that of a younger woman.

Many agreement models, including loglinear and logistic regression models, have an agree-

ment index as the response, for example, 0 = two raters disagree, 1 = two raters agree in

their classification of a single item (Agresti 1996, Tanner and Young 1985, Coughlin 1992,

Lipsitz 2003). However, in the generalized linear mixed model setting considered here,

and in the model described by Williamson and Manatunga (1997), the response variable

yij is the classification made on the ith item by the jth rater. Thus when a covariate is

to be included into the model, careful consideration has to be given as to whether it is

likely to directly impact the prevalence so that it can be included as a fixed effect, or if

it is more likely to influence the agreement between the raters and can then be included

as a random component of the model. Covariates that influence both the prevalence and

agreement can be included as both a fixed effect and random component.

Incorporating covariates into the model as fixed effects accounts for their influence on

the prevalence of positive classifications or “successes” such as diseased mammograms.

Previous studies (Miglioretti and Heagerty 2007, Allsbrook et al 2001, Linver et al 2002)

have demonstrated that covariates including a radiologist’s average volume of mammo-

gram interpretations, a woman’s age and time since previous mammogram, a physician’s

length of practice, and type of training can impact how a rater classifies an item, and

thus may also influence the agreement between raters. A patient with a clinical history

of associated risk factors may present with a more severely diseased mammogram thus

making it easier for all the raters to distinguish the presence of disease; raters are more

likely to agree on a severely diseased item. Covariates that are likely to impact agreement
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can be included as random effects in the model. The general agreement model then takes

the form:

Φ−1(pij) = η + β′xij + d′

iui + d′

jvj, i = 1, . . . , I, j = 1, . . . , J, (2)

where xij is the vector of covariates associated with the ith item classified by the jth

rater. The vectors di and dj represent the design vectors of the random effects for the ith

item and jth rater respectively, and the vectors ui and vj contain the associated random

effects for the items and raters. The random effects are assumed to follow multivariate

normal distributions, i.e.

u ∼ MV N(0,Σu) and v ∼ MV N(0,Σv),

where the covariance matrices Σu and Σv are of dimensions p × p and q × q respec-

tively. Correlation can be assumed between the item random effects, and between the

rater random effects. More complex random effect structures can be utilized if necessary.

Estimated values of the random effect vectors ui and vj can be used to ascertain the

individual effects of the jth rater and ith item included in the study.

3 Measures of agreement

3.1 Population-based measures of agreement

In any setting where the underlying diagnostic procedure is the primary focus, the true

value of the observed or “raw” agreement rate, denoted as p0, is the probability that two

randomly selected raters agree in their classification of a randomly selected item (i.e. both

raters rate the item as a 1 or as a 0). In this longrun setting over many raters and items

and without assuming any specific model, the observed agreement rate cannot take values
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less than 0.5 (Bloch and Kraemer 1989, Nelson et al 2007). This minimum value of 0.5

is achieved in the worst-case scenario when the randomly selected items are completely

indistinguishable from each other, and the raters classify each item at random with a

fifty-fifty chance as a success or failure. As described in Nelson et al (2007), the form of

the observed probability of agreement for raters j and j ′ (j 6= j ′) and item i is:

p0 = pr{(yij = 1) ∩ (yij′ = 1)} + pr{(yij = 0) ∩ (yij′ = 0)}

= 1 − 2pr{(yij = 1) ∩ (yij′ = 0)} (in any long-run agreement setting)

= 1 − 2

∫

∞

−∞

Φ

(

z
√

ρ + η∗

√
1 − ρ

) [

1 − Φ

(

z
√

ρ + η∗

√
1 − ρ

)]

φ(z) dz (3)

under the probit model, where ρ = σ2
u/σ

2
u + σ2

v + σ2
w where σ2

w = 1 is the variance of

the probit function and η∗ = η/
√

σ2
u + σ2

v + σ2
w; φ and Φ are the standard normal pdf

and cdf respectively. Since raters j and j ′ are randomly selected from the population of

such raters, it is irrelevant as to which rater is assigned the label j and which is assigned

j′, hence the symmetry argument in the second line of (5) holds (Bloch and Kraemer

1989, Banerjee et al 1999). The observed probability of agreement p0 depends only on

the parameters η∗ and ρ. It can also be shown (Nelson et al 2007) that p0 is an increasing

function of |η∗| and ρ, and a symmetric function of η∗, as is displayed in Figure 1. These

plots suggest that as the items become more distinguishable from one another (as σ2
u

increases) relative to the overall variability in the data, that the observed probability of

agreement between the raters increases and at a faster rate if the prevalence of success is

low.

Chance agreement, denoted as pc, is the probability that two randomly selected raters

j and j′ classify two randomly selected items i and i′, (i 6= i′) in the same way. The

true value of chance agreement based upon any populations of raters and items (in any
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longrun setting with no assumed model) is:

pc = pr{(yij = 1) ∩ (yi′j′ = 1)} + pr{(yij = 0) ∩ (yi′j′ = 0)}

= 1 − 2pr{(yij = 1) ∩ (yi′j′ = 0)}, (in any longrun setting)

= 1 − 2Φ(η∗)[1 − Φ(η∗)] (under the probit model),

so that chance agreement is based solely on the standardized prevalence η∗ when the

probit link function is assumed.

3.2 A model-based measure of agreement

The quantity ρ = σ2
u/(σ

2
u + σ2

v + σ2
w) described in Section 3.1 is itself appealing as a

measure of agreement, and is similar in spirit to the intra-class correlation coefficient

which, for example, provides a measure of the variability between the items relative to the

total variability present in the data (Shrout and Fleiss 1979, Williamson and Manatunga

1997). Large variability between items σ2
u relative to the variability σ2

v between raters

suggests that the items are clearly distinguishable from one another, and will lead to

strong agreement between the raters and consequently a large value of ρ.

As mentioned earlier, Cohen’s kappa is a very popular summary measure of agreement.

Due to the current widespread use of this statistic, we propose an alternative chance-

corrected agreement measure based upon the class of generalized linear mixed model that

will be comparable in ease of use and interpretability as Cohen’s kappa, while avoiding

some of the isses surrounding the Cohen’s kappa, and in addition, allows for inference to

be made regarding the underlying diagnostic procedure.

Denoted as κm, the proposed model-based kappa statistic is based upon the probability of

observed agreement p0, adjusted for chance agreement, and scaled to lie on the same scale
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as Cohen’s kappa. The quantity p0 is derived from the parameters including σ2
u and σ2

v in

the generalized linear mixed model in equation (1). Chance agreement is accounted for by

setting the prevalence term η∗ to zero, which minimizes the effects of chance agreement

on the probability of observed agreement p0. This effect occurs since as p0 increases in

value towards one, higher values of |η∗| (i.e. how many ’successes’, or ones, are assigned

by the raters in the long run) lead to raters being more likely to classify an item as a

success, thus naturally inflating the probability of observed agreement p0. The proposed

model-based measure of agreement in its simplest form without the inclusion of covariates

is:

κm = 2p0(η = 0, σ2

u, σ2

v) − 1

= 2

[

1 − 2

∫

∞

−∞

Φ

(

z
√

ρ√
1 − ρ

) [

1 − Φ

(

z
√

ρ√
1 − ρ

)]

φ(z) dz] − 1

]

= 1 − 4

∫

∞

−∞

Φ

(

z
√

ρ√
1 − ρ

) [

1 − Φ

(

z
√

ρ√
1 − ρ

)]

φ(z) dz, (4)

under the probit link model, where 0 ≤ κm ≤ 1. The corresponding maximum likelihood

estimator, κ̂m = 2p0(0, σ̂2
u, σ̂2

v)− 1, is based upon the corresponding maximum likelihood

estimates of σ2
u and σ2

v obtained from fitting the generalized linear mixed model in (1).

The interpretation of κm is very simple and can be summarized in Table 1.

Applying the multivariate delta theorem, the asymptotic variance of the proposed statistic

is:

var(κ̂m) =
16

IJ

[

{∫

∞

−∞

(

1

2ρ̂(1 − ρ̂)

(

z
√

ρ̂√
1 − ρ̂

)

φ

(

z
√

ρ̂√
1 − ρ̂

)[

1 − 2Φ

(

z
√

ρ̂√
1 − ρ̂

)])

φ(z)dz

}2

×

(

2σ̂4
u

(σ̂2
u + σ̂2

v + σ̂2
w)4

[

(σ̂2

v + σ̂2

w)2 + σ̂4

v

]

)]

.

where I and J are the numbers of items and raters respectively randomly selected for
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study.

3.3 A model-based measure of agreement with covariates

The proposed model-based measure of agreement κm can also incorporate covariate infor-

mation. The inclusion of covariates as fixed and random effects effects allows for a more

in depth assessment of agreement for subgroups of raters and items of interest. When

covariates are included as fixed and random components, in the generalized linear mixed

model described in equation (2), the model-based kappa statistic is based upon the ob-

served probability of agreement p0(η
∗ = 0,Σu,Σv,β,xij,di,dj,dj′), conditional on the

specified values of the covariates and variance components, and takes the form:

κm = 1 − 4

∫

∞

−∞

Φ

(

β′xij + zσdi

(1 + σ2
dj

)
1
2

)



1 − Φ





β′xij′ + zσdi

(1 + σ2
dj′

)
1
2







φ(z) dz,

= 1 − 4

∫

∞

−∞

Φ







z
√

ρij +
β′xij
√

σ2
Tij

(1 − ρij)
1
2












1 − Φ







z
√

ρij +
β′xij′
√

σ2
T

ij′

(1 − ρij′)
1
2












φ(z) dz (5)

where z is a standard normal random variable, and the terms σ2
di

and σ2
dj

represent the

variances of the sums of the normally distributed random effect components d′

iui and d′

jvj

for the ith item and jth rater respectively. The quantity σ2
Tij

= σ2
di

+ σ2
dj

+ 1 is a measure

of the total variability present in the model, given the covariate values of the ith item and

jth rater. The term ρij = σ2
di

/(σ2
dj

+σ2
di

+1) is, in a similar manner for the simpler model,

a measure of the item distinguishability relative to the variability between two raters with

the same covariate information, given the covariate information associated with the ith

item. The exact form of the variance of κm is dependent upon the random effect vectors

di and dj and the assumed correlation structures of the random effects. The model-based

kappa is a function of the coefficient ρij, i.e. κm = f(ρij), where in turn ρij is a function
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of di,dj, σ
2
di

, σ2
dj

. The multivariate delta theorem can then be applied to yield:

var(κm) = 16 var







∫

∞

−∞

Φ







z
√

ρij +
β′xij
√

σ2
Tij

(1 − ρij)
1
2












1 − Φ







z
√

ρij +
β′xij′
√

σ2
T

ij′

(1 − ρij′)
1
2












φ(z) dz







=
16

IJ
g(hΣ−1

σ h′)g,

where

h =

(

δρij

δΣu1,...,p

,
δρij

δΣv1,...,q

)

, g =
δκ̂m

δρij

and Σσ = − 1

IJ
E

[

δ2logL

δθp+qδθp+q

]

,

and θ is the vector of all variance component terms contained in Σu,Σv matrices. For very

complex random effect structures, bootstrapping may provide an attractive alternative for

obtaining an estimated variance for κ̂m.

Including covariates allows for the assessment of agreement between subgroups of items

and/or raters. For example, κm can be calculated to measure agreement between very

experienced raters, and another κm can be calculated to assess the agreement between less

experienced raters. One advantage of the model-based kappa statistic is that all the data

has been utilized to estimate the parameters, even when agreement between sub-groups

are of interest. An overall summary measure of agreement can be obtained by fitting the

simplest form of the generalized linear mixed model presented in equation (1).

4 Simulation Studies

Simulation studies were carried out to investigate the properties of the proposed model

and measure of agreement. The simulations were based upon three probit generalized
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linear mixed models (equation (6)). The response variable yij represents the classification

made by the jth rater on the ith item, and equals 0 for an item classified as not diseased

and 1 otherwise. These models are:

Model (a): Φ−1(pij) = η + u0i + v0j, u0 ∼ N(0, σ2
u), v0 ∼ N(0, σ2

v)

Model (b): Φ−1(pij) = η +βxi +u0i + v0j u0 ∼ N(0, σ2
u), v0 ∼ N(0, σ2

v)

Model (c): Φ−1(pij) = η + βxi + u0i + v0j + d1jv1j,





u0i

v0j

v1j



 ∼ MVN



 0,





σ2
u0 0 0
0 σ2

v0
ρv01σv0σv1

0 ρv01σv0σv1 σ2
v1







 , (6)

where i = 1, . . . , I, j = 1, . . . , J and η is the prevalence or intercept term. The random

effects u0i and v0j relate to the variability observed between the items and raters respec-

tively and are assumed normally distributed. The additional random effect in model (c)

reflects a factor that is likely to influence agreement between the raters, such as a rater’s

level of experience (dij = 1 for a very experienced rater, and 0 otherwise). The term v1j

is randomly generated from a Bin(1, 0.5) distribution, j = 1, . . . , J . In models (b) and

(c), xi represents a fixed covariate value for the ith item, (for example, the age of the

ith subject). In the simulations, xi is randomly generated from a Bin(1, 0.5) distribution,

i = 1, . . . , I. Fifty raters and items were included in the simulations such that I = 50

and J = 50. Two different values for the measure of prevalence, η = 1 and 3 were used

to assess the influence of prevalence on the estimation of the model parameter estimates

and measure of agreement. The fixed regression coefficient β = 0.5. Different values of

the variance components were also included to assess the effects of increasing variability:

for all three models, σ2
u0

, σ2
v0

and σ2
v1

were all set at 1 and then 5, and for model (c),
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ρv01 was set at 0.25. One hundered datasets were randomly generated according to each

simulation scenario.

The datasets were individually fitted using a Monte-Carlo expectation-maximization al-

gorithm (MCEM) developed by McCulloch (1997) to obtain almost-exact maximum like-

lihood estimates of the parameters in the generalized linear mixed model. A brief de-

scription of this algorithm is as follows. A Metropolis-Hastings step is used to sample

sets of the (unobserved) random effects by drawing vectors u0 = (u01, u02, ..., u0I) and

v0 = (v01, v02, ..., v0J) from their conditional distributions f(u|y) and f(v|y). At each

iteration, m sets of random effects are drawn, and the value of E(l(θt)|y) is estimated

through the use of Monte-Carlo averaging, where l(θt)|y is the log-likelihood function of

the complete data (y,u,v). The value of m ranged from 1000 for earlier iterations up

to 500,000 for the final iterations. The parameter vector θ was updated at each iteration

using the one-step expectation-maximization algorithm. Convergence of the parameters

was considered successful when the difference between the previous estimates and the

updated estimates took a maximum value of 0.00001. More details on this algorithm can

be found in McCulloch (1997). This algorithm was implemented using a program written

in C programming language.

Starting values of the parameters were set at η = 0.5, β1 = 0.05 and the random effect

parameters, σ2
u0, σ

2
u1, σ

2
v0 and ρu01 all set at 0.5 for simplicity. Other sets of starting values

were also tested, and resulted in the same estimated parameters in each case. Convergence

criteria within the algorithm was set at max(|θk − θk−1| < 0.0001, where k = 1, . . . , K is

the number of parameters to be estimated, and θ contains the parameters to be estimated.

The model-based kappa statistic was calculated for each individual dataset, based upon

the estimated values of the parameters from the corresponding generalized linear mixed
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model, and for model (a), a version of Cohen’s kappa for multiple raters (Fleiss 1971) was

calculated.

Tables 2 and 3 display the mean estimates of the parameters and their associated stan-

dard errors from the simulation studies described. We observe that the mean parameter

estimates of η and β are nearly unbiased in each of the models examined. Similarly, the

almost-exact maximum likelihood mean estimates of the variance components σ2
u and σ2

v

are nearly unbiased, although there is a slight increase in the level of bias observed for

the variance components for model (c). The mean estimates of the correlation coeffi-

cient ρ are underestimated for each simulation scenario for model (c), sometimes severely

so. In the simplest model (a), the mean estimated Cohen’s kappa is only slightly lower

in value than the corresponding model-based kappa statistic when the prevalence term

η = 1, however the mean estimated Cohen’s kappa is noticeably smaller than the mean

estimated model-based kappa for η = 3 which indicates the tendency for Cohen’s kappa

to overcorrect for chance agreement and thus underestimate the true level of agreement

between raters.

5 Application to breast cancer and mammogram clas-

sification data

An agreement study was carried out by Beam et al (2003) where 148 mammograms

were classified by a large number of physicians randomly selected from a group of 294

physicians from the USA. The mammograms included both diseased and non-diseased

cases, and data on a number of covariates, including the subject’s age, the number of

mammograms read in the previous year by the individual rater, and the number of years

of experience of the raters was collected. The subjects’ ages ranged from 40 to 85 years.
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The original cancer classifications were made using the BIRADS scale (American College

of Radiology 2004), and have been dichotomized here so that an outcome of 0 represents

a mammogram classified as non-diseased, and 1 as diseased. Full details on the data

collection can be found in Beam et al (2003). Data on 104 physicians was analyzed using

the models and measure of agreement described in Sections 2 and 3. The age of a subject

was included as an indicator variable xi, where xi = 1 for a subject less or equal to 60

years of age. The level of experience of a physician was included as an indicator variable

dj = 1 if a physician had ten or more years experience of rating mammograms and 0

otherwise. Table 4 presents a summary of the pairwise agreement between all pairs of

raters for each item. Note that each pair of classifications is only included once in the

table.

Three generalized linear mixed models with a probit link function of increasing complexity

were fitted to this dataset using McCulloch’s MCEM algorithm (previously described

in Section 4 above). Table 5 presents the parameter estimation of the three models,

and corresponding values of the model-based and Cohen’s kappa statistics from these

analyses. We observe from that the prevalence term η is negativr for all three fitted

models, indicating that over half of the mammograms were classified as not having cancer

present. The negative beta coefficient in models (b) and (c) suggests that the odds in favor

of a younger patient being classified as having a diseased mammogram is approximately

45% of that of an older patient (over 60 years old). The variability observed between items

is larger than the variability observed between the raters. In this dataset, Cohen’s kappa

was estimated at κ̂ = 0.604, while the model-based kappa was estimated as κ̂m = 0.529,

suggestive of lower agreement between raters. One possible reason for a larger value

for Cohen’s kappa is a bias effect which can inflate the value of Cohen’s kappa. The

agreement between highly-experienced raters classifying mammograms of younger women
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(where d1j = 1 and xi = 1) is estimated using equation (6) to be κ̂m = 0.5323 while

chance-corrected agreement between less experienced raters is estimated as κ̂m = 0.4993,

suggesting a higher level of agreement between more experienced raters. Comparing the

agreement between all raters classifying mammograms of younger women with that of

older women, we observe that there is higher agreement for younger women (κ̂m = 0.546

(younger women) versus κ̂m = 0.509 (older women)). This could be due to that fact that

while breast cancer is more common among the elderly, younger women can present with

more aggressive forms of breast cancer, which would lead to mammograms which more

clearly display the disease, and consequently lead to higher agreement between raters.

6 Discussion

Our emphasis in this paper lies in examining agreement in an underlying diagnostic proce-

dure over many raters and items, where the raters and items chosen for study are assumed

to be randomly selected from their respective populations. The class of generalized linear

mixed models provides a flexible framework for incorporating the classifications of many

raters and items, unbalanced and missing data, and the inclusion of covariate informa-

tion, and have wide applicability to any agreement setting where raters are subjectively

classifying items according to a pre-defined binary scale. Agreement between subgroups

of raters and/or items can also be easily examined using these models. By including

covariates in the agreement model, their effects on the prevalence of success and agree-

ment between the raters can be assessed and accounted for. We propose a summary

chance-corrected measure of agreement that is model-based and interpretable in a simple

manner akin to Cohen’s kappa. We observe that the model-based kappa statistic more

appropriately corrects for chance agreement in the population-based setting, while the use

of Cohen’s kappa can lead to biased estimates of agreement, particularly when the true
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prevalence is close to 0 or 1. This would be a common scenario when raters are classifying

items for a rare disease.

Obtaining almost-exact maximum likelihood estimates of the parameters in the general-

ized linear mixed models requires the use of a computationally intensive algorithm, such

as McCulloch’s MCEM algorithm (McCulloch 1997), or an equivalent (Kuk and Cheng

1997). At present, software packages do not have the capacity to obtain almost-exact

maximum likelihood estimates for models with crossed random effects structures. The

programs used here to fit the models of agreement are available from the first author on

request.

The class of generalized linear mixed models can also be used when the agreement between

a fixed number of raters is of interest, rather than inference regarding the population of

typical raters. One such situation where this may be of interest is when the raters are

different diagnostic instruments, such as in Henkelman et al (1990). The generalized linear

mixed model can easily incorporate the raters (instruments) as individual fixed effects,

and the randomly selected items as random effects. Since the random effects structure is

no longer crossed, the model may be easily implemented in available software packages

such as SAS or R.

As is the case for any class of models where the outcomes of interest are binary, larger

datasets will be required when more covariates are included into the model, requiring

more parameters to be estimated. This is to ensure successful convergence of the MCEM

algorithm in the parameter estimation process when using generalized linear mixed mod-

els.

A further general extension to the model might include multiple independent classifica-

tions of each item by the individual raters. This can be useful when we wish to examine
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the variability of ratings made by any rater for a particular item, also known as ‘intra-

rater’ variability. This can be flexibly included in the framework of the generalized linear

mixed model and summary statistic proposed, and is a topic for future research. Other

future directions for extending this class of models in the assessment of agreement include

development of a model to allow for ordinal classification scales, and to investigate the

effects of non-normal random effect distributions for the raters and items.
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Figure 1: Plot of observed agreement rate p0 against ρ for different values of the prevalence
term η. Note that ρ = σ2

u/(σ
2
u + σ2

v + 1).
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Table 1: Interpretation of the proposed model-based kappa κm and Cohen’s kappa κ.

Kappa κm Interpretation

0 − 0.19 poor agreement

0.20 − 0.39 fair agreement

0.40 − 0.59 moderate agreement

0.60 − 0.79 substantial agreement

0.80 − 1.00 almost-to perfect agreement
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Table 2: Simulation results for the probit generalized linear mixed model and model-
based kappa statistic κm based upon 100 datasets for I = 50 and J = 50 using two
different sets of parameter values θ = (η, β, σ2

u0
, σ2

v0
, σ2

v1
, ρv01). The three models fitted

are: (a) Φ−1(pij) = η + ui + vj (b) Φ−1(pij) = η + βxi + ui + vj and (c) Φ−1(pij) =
η + βxi + u0i + v0j + dijv1j; xi ∼ Bin(1, 0.5); d1i ∼ Bin(1, 0.5). Cohen’s kappa = κ
and model-based kappa = κm. Mean parameter estimates are presented with associated
standard errors in parentheses.

(i) η = 1, σ2
u0

= σ2
v0

= σ2
v1

= 1

True Model Model Model

Parameter value (a) (b) (c)

η 1 0.949 (0.1654) 0.994 (0.240) 1.0160 (0.3640)

β 0.5 − 0.452 (0.274) 0.4938 (0.4361)

σ2
u0

1 0.965 (0.2002) 0.977 (0.240) 0.9465 (0.1866)

σ2
v0

1 1.015 (0.2286) 1.061 (0.303) 0.954 (0.3326)

σ2
v1

1 − − 1.343 (0.4786)

ρv01 0.25 − − −0.0004 (0.0007)

κ 0.1906(0.0357)

κm 0.2091(0.0315)

(i) η = 1, σ2
u0

= σ2
v0

= σ2
v1

= 5

True Model Model Model

Parameter value (a) (b) (c)

η 1 0.894 (0.2927) 0.714 (0.481) 1.0491 (0.5027)

β 0.5 − 0.342 (0.650) 0.4094 (0.6991)

σ2
u0

5 4.897 (0.843) 4.651 (0.975) 4.6576 (0.9168)

σ2
v0

5 5.260 (1.262) 5.074 (1.344) 4.276 (0.8240)

σ2
v1

5 − − 6.6359 (2.2393)

ρv01 0.25 − − 0.0004 (0.0046)

κ 0.2814(0.0497)

κm 0.2910(0.0417)
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Table 3: Simulation results for the probit generalized linear mixed model and model-
based kappa statistic κM based upon 100 datasets for I = 50 and J = 50 using two
different sets of parameter values θ = (η, β, σ2

u0
, σ2

v0
, σ2

v1
, ρv01). The three models fitted

are: (a) Φ−1(pij) = η + ui + vj (b) Φ−1(pij) = η + βxi + ui + vj and (c) Φ−1(pij) =
η + βxi + u0i + v0j + dijv1j; xi ∼ Bin(1, 0.5); d1i ∼ Bin(1, 0.5). Mean parameter estimates
are presented with associated standard errors in parentheses.

(ii) η = 3, σ2
u0

= σ2
v0

= σ2
v1

= 1

True Model Model Model

Parameter value (a) (b) (c)

η 3 2.950 (0.2488) 3.0348 (0.3854) 3.047 (0.4236)

β 0.5 − 0.5005 (0.4202) 0.411 (0.1144)

σ2
u0

1 1.000 (0.3713) 1.0348 (0.2994) 0.733 (0.2842)

σ2
v0

1 1.085 (0.3814) 1.1589 (0.3619) 1.246 (0.5001)

σ2
v1

1 − − 1.275 (0.9846)

ρv01 0.25 − − −0.005 (0.0013)

κ 0.0887(0.0392)

κm 0.2073(0.0580)

(ii) η = 3, σ2
u0

= σ2
v0

= σ2
v1

= 5

True Model Model Model

Parameter value (a) (b) (c)

η 3 2.925 (0.330) 2.8962 (0.4988) 2.7937 (0.2828)

β 0.5 − 0.4696 (0.5947) 0.5467 (0.2913)

σ2
u0

5 4.999 (1.1238) 4.4429 (1.0353) 3.9862 (0.5649)

σ2
v0

5 5.387 (1.5137) 4.3796 (0.5757) 4.4650 (1.7706)

σ2
v1

5 − − 5.3444 (3.5664)

ρv01 0.25 − − 0.0020 (0.0095)

κ 0.2414(0.0584)

κm 0.2905(0.0428)
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Table 4: Summary of the pairwise agreement between 104 randomly selected physicians
each independently classifying 148 slides for the presence (yij = 1) or absence (yij = 0) of
breast cancer (Beam et al 2003).

Physician B

Category Non-diseased Diseased Total

Physician A Non-diseased 460951 64531 525482

Diseased 74467 192739 267206

Total 535418 257270 792688
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Table 5: Results for the breast cancer dataset (Beam 2003). The three models fitted
are: (a) Φ−1(pij) = η + ui + vj (b) Φ−1(pij) = η + βxi + ui + vj and (c) Φ−1(pij) =
η + βxi + u0i + v0j + d1jv1j; xi is an indicator variable for ith subject’s age (1 for subjects
less than or equal to 60 years of age, 0 for subjects greater than 60 years of age). The term
d1j = 0 for an inexperienced rater, and 1 for an experienced rater. Parameter estimates
are presented with standard errors in parentheses.

Parameter Model Model Model

(a) (b) (c)

η −0.829 (0.1494) −0.369 (0.1684) −0.125 (0.0232)

β − −0.802 (0.3928) −0.368 (0.0316)

σ2
u0

3.540 (0.4540) 3.166 (0.4414) 3.453 (0.4001)

σ2
v0

0.250 (0.0391) 0.247 (0.0390) 0.248 (0.0346)

σ2
v1

− − 0.244 (0.0034)

ρv01 − − 0.001 (0.0098)

Cohen’s kappa κ 0.604

Model-based kappa κm 0.529 (0.0121)

κm(xi=0)
− 0.5093 (0.0561)

κm(xi=1)
− 0.5456 (0.0640)

κm(dij=0,xi=1)
− − 0.4993 (0.0565)

κm(dij=1,xi=1)
− − 0.5323 (0.0443)
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