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CHAPTER 1 STAT 714, J. TEBBS

1 Examples of the General Linear Model

Complementary reading from Monahan: Chapter 1.

INTRODUCTION: Linear models are models that are linear in their parameters. The

general form of a linear model is given by
Y =X +e¢€,

where Y is an n x 1 vector of observed responses, X is an n x p (design) matrix of fixed
constants, 3 is a p X 1 vector of fixed but unknown parameters, and € is an n x 1 vector
of (unobserved) random errors. The model is called a linear model because the mean of

the response vector Y is linear in the unknown parameter 3.

SCOPE: Several models commonly used in statistics are examples of the general linear
model Y = X3 + €. These include, but are not limited to, linear regression models and
analysis of variance (ANOVA) models. Regression models generally refer to those for
which X is full rank, while ANOVA models refer to those for which X consists of zeros

and ones.

GENERAL CLASSES OF LINEAR MODELS:

e Model I: Least squares model: Y = X3 + €. This model makes no assumptions

on €. The parameter space is @ = {3 : B € R'}.

e Model II: Gauss Markov model: Y = X3 + €, where E(e) = 0 and cov(e) = 1.
The parameter space is @ = {(3,0?) : (3,0%) € RP x R*}.

e Model III: Aitken model: Y = X3 + €, where F(e) = 0 and cov(e) = 0°V, V
known. The parameter space is @ = {(3,0?%) : (8,0%) € R x R}

e Model IV: General linear mized model: Y = X3 + €, where E(e) = 0 and
cov(e) = X = ¥(0). The parameter space is © = {(3,0) : (3,0) € R? x Q},
where € is the set of all values of 8 for which 3(0) is positive definite.
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CHAPTER 1 STAT 714, J. TEBBS

GAUSS MARKOV MODEL: Consider the linear model Y = X3 + €, where E(e) =0
and cov(e) = o?I. This model is treated extensively in Chapter 4. We now highlight

special cases of this model.

Example 1.1. One-sample problem. Suppose that Yi,Y5, ..., Y, is an iid sample with

mean p and variance 02 > 0. If €, €, ..., €, are iid with mean E(e;) = 0 and common

2

variance o°, we can write the GM model
Y = X3 +¢€,
where
Y, 1 €1
Y, 1 €2
Yn><1 == . ) Xn><1 = . 5 /61><1 = K, €Epx1 =
Y, 1 €n

Note that F(e) = 0 and cov(e) = o?1. O

Example 1.2. Simple linear regression. Consider the model where a response variable

Y is linearly related to an independent variable x via
Y; = fo + bz + €,

for ¢ = 1,2,...,n, where the ¢; are uncorrelated random variables with mean 0 and
common variance o2 > 0. If x, 29, ..., x, are fixed constants, measured without error,

then this is a GM model Y = X3 + € with

Yi I €1

Y, 1 x9 Bo €2
Yn><1 = . ) Xn><2 = . . ) /62><1 = 5 5 €Epx1 =

: Do .

Y, 1 =z, €n

Note that F(e) = 0 and cov(e) = o?1. O

Example 1.3. Multiple linear regression. Suppose that a response variable Y is linearly

related to several independent variables, say, 1, s, ..., Tx Via

Y, = Bo + Brixa + Boxio + - - - + BrTir + €,
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CHAPTER 1 STAT 714, J. TEBBS

for + = 1,2, ...,n, where ¢; are uncorrelated random variables with mean 0 and common

2

variance o° > 0. If the independent variables are fixed constants, measured without

error, then this model is a special GM model Y = X3 + € where

Bo
Y, 1z x12 - Tk B €1
1
Y, 1 zo1 x22 --- @k €2
Y= |y Xeo=| . | Ba=] B | €= |
Yn 1 Tn1 Tp2 - Tnk /B €n
k

and p =k + 1. Note that E(e) = 0 and cov(e) = o?L. O

Example 1.4. One-way ANOVA. Consider an experiment that is performed to compare
a > 2 treatments. For the ith treatment level, suppose that n; experimental units are

selected at random and assigned to the ith treatment. Consider the model
Yij = p+ ai + €5,

fori=1,2,...,aand j = 1,2, ...,n;, where the random errors ¢;; are uncorrelated random
variables with zero mean and common variance o2 > 0. If the a treatment effects

a1, o, ..., are best regarded as fixed constants, then this model is a special case of the

GM model Y = X3 + €. To see this, note that with n =Y | n;,

1
Y 1n1 1n1 0n1 e 0”1
a
Yiz 1n On ]_n A ()n
Yn><1 - . ) anp: _2 '2 '2 . .2 ) /Bpxl - 6%)] )
}/ana ]-na Ona Ona 1na
Qg

where p = a + 1 and €,x1 = (€11, €12, -+, €an, ), and where 1,,, is an n; x 1 vector of ones

and 0,,, is an n; X 1 vector of zeros. Note that F(e) = 0 and cov(e) = oL

NOTE: In Example 1.4, note that the first column of X is the sum of the last a columns;
i.e., there is a linear dependence in the columns of X. From results in linear algebra,

we know that X is not of full column rank. In fact, the rank of X is r = a, one less
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than the number of columns p = a + 1. This is a common characteristic of ANOVA
models; namely, their X matrices are not of full column rank. On the other hand,
(linear) regression models are models of the form Y = X3+ €, where X is of full column

rank; see Examples 1.2 and 1.3. [J

Example 1.5. Two-way nested ANOVA. Consider an experiment with two factors,
where one factor, say, Factor B, is nested within Factor A. In other words, every level

of B appears with exactly one level of Factor A. A statistical model for this situation is
Yije = 1+ ;i + Bij + €iji,

fori=1,2,...,a,5=1,2,...,b;, and k = 1,2, ..., n;;. In this model, u denotes the overall
mean, «; represents the effect due to the ith level of A, and 3;; represents the effect
of the jth level of B, nested within the 7th level of A. If all parameters are fixed, and
the random errors €;;, are uncorrelated random variables with zero mean and constant
unknown variance o > 0, then this is a special GM model Y = X3 + €. For example,

with a = 3, b = 2, and n;; = 2, we have

Yin 1100100000
Yi1z 1100100000 m
Yio1 1100010000 o
Yoo 1100010000 o
You1 1010001000 o

v_ Ym’X:lOlOOOlOOO’ﬂ: 511’
Yoo 1010000100 Bis
Yoo 1010000100 B
Yan 1001000010 Bao
Y312 10010000T1O0 Bs1
Yio1 10010000O0°1 Bss
Y320 10010000O01

and € = (€111, €112, ..., €322)". Note that E(e) = 0 and cov(e) = ¢*I. The X matrix is not

of full column rank. The rank of X is » = 6 and there are p = 10 columns. [J
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Example 1.6. Two-way crossed ANOVA with interaction. Consider an experiment with
two factors (A and B), where Factor A has a levels and Factor B has b levels. In general,
we say that factors A and B are crossed if every level of A occurs in combination with

every level of B. Consider the two-factor (crossed) ANOVA model given by
Yijk = o4 ai + B + %ij + €iji,

fori =1,2,...,a, j = 1,2,...,b, and k = 1,2,...,n;;, where the random errors ¢;; are
uncorrelated random variables with zero mean and constant unknown variance o2 > 0.
If all the parameters are fixed, this is a special GM model Y = X3 + €. For example,
with a = 3, b = 2, and n;; = 3,

Yin 110010100000
Yito 110010100000
Yits 110010100000
Yio1 110001010000 m
Y29 110001010000 o
Yios 110001010000 o
Yaou1 101010001000 s
Ya1z 101010001000 By
v_ 1/2137X:1010100010007ﬂ: 527
Yaoi 1010010007100 M1
Yoo 101001000T100 Y12
Yaos 1010010007100 Va1
Y 100110000010 Yoz
Y319 100110000010 Va1
Y3 100110000010 Va2
Yior 100101000001
Y322 1001010000O0°1
Yazs 100101000001

and € = (€111, €112, ..., €323)". Note that E(e) = 0 and cov(e) = ¢*I. The X matrix is not

of full column rank. The rank of X is » = 6 and there are p = 12 columns. [J
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Example 1.7. Two-way crossed ANOVA without interaction. Consider an experiment
with two factors (A and B), where Factor A has a levels and Factor B has b levels. The

two-way crossed model without interaction is given by
Yije = 1o+ o + Bj + €ijn,

fori =1,2,..,a, j = 1,2,...,b, and k = 1,2,...,n;;, where the random errors ¢;; are
uncorrelated random variables with zero mean and common variance o2 > 0. Note that
no-interaction model is a special case of the interaction model in Example 1.6 when
Hy :v11 = 712 = -+ - = 7732 = 0 is true. That is, the no-interaction model is a reduced

version of the interaction model. With a = 3, b = 2, and n,;; = 3 as before, we have

Yin 110010
Y10 110010
Yiis 110010
Yin 110001
Y120 1100 01
Y13 110001
Yo 101010 1
Yo10 101010 1
v — You3 CX— 101010 B- Qo |
Yo01 101001 o
Y500 101001 B
Y03 101001 Ba
Yan 100110
Y312 100110
Y313 100110
Y01 100101
Y320 100101
Y303 100101

and € = (€111, €112, ..., €323)". Note that E(e) = 0 and cov(e) = ¢*I. The X matrix is not

of full column rank. The rank of X is 7 = 4 and there are p = 6 columns. Also note that
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the design matrix for the no-interaction model is the same as the design matrix for the

interaction model, except that the last 6 columns are removed. []

Example 1.8. Analysis of covariance. Consider an experiment to compare a > 2
treatments after adjusting for the effects of a covariate x. A model for the analysis of
covariance is given by
Yij = p+ ai + Bixij + €5,

fori =1,2,...,a, j = 1,2,...,n;, where the random errors ¢;; are uncorrelated random
variables with zero mean and common variance o2 > 0. In this model, ;1 represents the
overall mean, «; represents the (fixed) effect of receiving the ith treatment (disregarding
the covariates), and f; denotes the slope of the line that relates Y to z for the ith
treatment. Note that this model allows the treatment slopes to be different. The z;;’s

are assumed to be fixed values measured without error.

NOTE: The analysis of covariance (ANCOVA) model is a special GM model Y = X3+e.

For example, with a = 3 and ny = ny = n3 = 3, we have

Y 1100 211 O 0 €11
Yis 1100 25 0 0 " €19
Y3 110 0 213 0 0 o €13
Y51 101 0 0 =z O Qo €91
Y=]| Yy |, X=[1010 0 z9 0 , B=1| az |, €= e
Yos 1 01 0 0 @y O B €23
Y3 1001 0 0 x5 B €31
Yso 1001 0 0 z3 B3 €32
Y33 1001 0 0 a33 €33

Note that E(€) = 0 and cov(€) = ¢*I. The X matrix is not of full column rank. If there
are no linear dependencies among the last 3 columns, the rank of X is » = 6 and there

are p = 7 columns.

REDUCED MODEL: Consider the ANCOVA model in Example 1.8 which allows for
unequal slopes. If 51 = By = --- = [,; that is, all slopes are equal, then the ANCOVA
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model reduces to

}/;j = ,Uz‘i‘Oéi —|—ﬁxij +€ij-
That is, the common-slopes ANCOVA model is a reduced version of the model that
allows for different slopes. Assuming the same error structure, this reduced ANCOVA

model is also a special GM model Y = X3 + €. With a = 3 and n; = ny = ng = 3, as

before, we have

Yii 1 10 0 21 €11
Yio 1 1 0 0 zp9 €12
Y3 1 10 0 3 iz €13
Yo1 101 0 2z o €21
Y=| Yy |, X=[1010 20 |, B=]| as |, €= e
Y3 1 01 0 w3 Qs €23
Y1 1 00 1 a3 B €31
Y3, 1 0 0 1 x3 €32
Yas 1 00 1 x33 €33

As long as at least one of the z;;’s is different, the rank of X is » = 4 and there are p =5

columns. [

GOAL: We now provide examples of linear models of the form Y = X3 + € that are not
GM models.

TERMINOLOGY : A factor of classification is said to be random if it has an infinitely
large number of levels and the levels included in the experiment can be viewed as a

random sample from the population of possible levels.
Example 1.9. One-way random effects ANOVA. Consider the model
Yij = p+ai + €,

fori =1,2,...,a and j = 1,2,...,n;, where the treatment effects oy, as, ..., a, are best
regarded as random; e.g., the a levels of the factor of interest are drawn from a large

population of possible levels, and the random errors ¢;; are uncorrelated random variables
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with zero mean and common variance ¢ > 0. For concreteness, let a = 4 and n;; = 3.

The model Y = X3 + € looks like

Y €11
Yio €12
Y13 €13
Yo €21
Yoo 13 03 03 O 651 €22
Yos 03 13 03 O3 a%) €23
Y = = lop+ +
Y 03 03 13 O3 a €31
Y9 03 03 03 13 Qy €32
~ N —
Y33 =7 =€ €33
Y €41
Yio €42
Y3 €43
——

= €2

= XB+Zie + €,
where we identify X = 115, 8 = i, and € = Z€; + €. This is not a GM model because
cov(e) = cov(Zie; + €) = Zicov(e)Z; + cov(ey) = Zycov(ey)Z] + o°1,
provided that the a;’s and the errors €;; are uncorrelated. Note that cov(e) # ¢?I. [J

Example 1.10. Two-factor mized model. Consider an experiment with two factors (A
and B), where Factor A is fixed and has a levels and Factor B is random with b levels.
A statistical model for this situation is given by

Yije = p+ o + Bj + €iji,
forv=1,2,...,a,7=1,2,...,0,and k = 1,2, ...,n;;. The o;’s are best regarded as fixed

and the ;’s are best regarded as random. This model assumes no interaction.

APPLICATION: In a randomized block experiment, b blocks may have been selected

randomly from a large collection of available blocks. If the goal is to make a statement
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about the large population of blocks (and not those b blocks in the experiment), then

blocks are considered as random. The treatment effects aq,as,...,a, are regarded as

fixed constants if the a treatments are the only ones of interest.

NOTE: For concreteness, suppose that a = 2, b = 4, and n;; = 1. We can write the

model above as

Y €11
Yio €12
Yis ﬁl €13
ol
Yia 1, 1, 04 I, 52 €14
Yo 1, 04 14 I, 53 €21
(%)
Yoo N ~~ 54 €22
= X3 —
}/'23 =Zieg €23
You €24
N——
= €3
NOTE: If the «;’s are best regarded as random as well, then we have
Y €11
Yio €12
Yis 51 €13
Yi4 1, 04 o I, Bo €14
Y = 1gp + +
Yo 0y 14 (8% I, 53 €21
Yoo = ;161 54 €22
Yos = z62 €23
You €24
——

= €3

This model is also known as a random effects or variance component model. []

GENERAL FORM: A linear mixed model can be expressed generally as

Y =XB+Zi€1+ Zoey + -+ - + Lyey,

where Zy, Zs, ..., Zj, are known matrices (typically Z, = I,) and €1, €3, ..., € are uncorre-

lated random vectors with uncorrelated components.
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Example 1.11. Time series models. When measurements are taken over time, the GM
model may not be appropriate because observations are likely correlated. A linear model
of the form Y = X3 + €, where F(e) = 0 and cov(e) = ¢*V, V known, may be more
appropriate. The general form of V is chosen to model the correlation of the observed

responses. For example, consider the statistical model
Y, = Bo + Oit + €,

for t = 1,2,...,n, where ¢ = pe;_1 + a;, a; ~ iid N(0,0%), and |p| < 1 (this is a
stationarity condition). This is called a simple linear trend model where the error
process {¢ : t = 1,2,...,n} follows an autoregressive model of order 1, AR(1). It is easy
to show that E(e,) = 0, for all ¢, and that cov(e;, e,) = o2pl*~#l, for all t and s. Therefore,
if n=>5,

L p p p p
p 1 p p* P
V =o° P p 1 p p? | 0O
PPt op 1 op
pt PPt op 1

Example 1.12. Random coefficient models. Suppose that ¢ measurements are taken

(over time) on n individuals and consider the model

Yij = x3,8; + €ij,
fori =1,2,..,n and j = 1,2, ...,¢; that is, the different p x 1 regression parameters 3,
are “subject-specific.” If the individuals are considered to be a random sample, then we

can treat B, 3,, ..., 3, as iid random vectors with mean 3 and p X p covariance matrix

Y33, say. We can write this model as
Yy = x;B;+e

= x;B+x;(8; — B) + ¢ -
~ v

~
fixed random

If the B,’s are independent of the ¢;;’s, note that

var(Y;;) = x;jE,@ﬁxij + o2 #£ 0% 0
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Example 1.13. Measurement error models. Consider the statistical model
Yi = 0o+ 5 Xi + €,

where ¢; ~ iid N(0,02). The X;’s are not observed exactly; instead, they are measured

with non-negligible error so that
Wi =X + Ui,
where U; ~ iid N(0, 7). Here,

Observed data: (Y;, Wy)
Not observed:  (Xj, €, U;)

Unknown parameters: (8o, 81,02, 07).

As a frame of reference, suppose that Y is a continuous measurement of lung function
in small children and that X denotes the long-term exposure to NO,. It is unlikely that
X can be measured exactly; instead, the surrogate W, the amount of NO, recorded at a

clinic visit, is more likely to be observed. Note that the model above can be rewritten as

Y, = Bo+5(W;=U;) +¢
= Bo+ BiWi+ (e — BiU;).
~——

— e*
=€

Because the W;’s are not fixed in advance, we would at least need E(e}|W;) = 0 for this

to be a GM linear model. However, note that

E(e|W;) = E(e— BUlXi+U;)
The first term is zero if ¢; is independent of both X; and U;. The second term generally

is not zero (unless f; = 0, of course) because U; and X; + U; are correlated. Therefore,

this can not be a GM model. [
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2 The Linear Least Squares Problem

Complementary reading from Monahan: Chapter 2 (except Section 2.4).
INTRODUCTION: Consider the general linear model
Y = X3 +¢,

where Y is an n X 1 vector of observed responses, X is an n X p matrix of fixed constants,
B3 is a p X 1 vector of fixed but unknown parameters, and € is an n X 1 vector of random
errors. If F(€) = 0, then

E(Y)=E(XB+¢€) =Xg.

Since B is unknown, all we really know is that F(Y) = X8 € C(X). To estimate E(Y),

it seems natural to take the vector in C(X) that is closest to Y.

2.1 Least squares estimation

DEFINITION: An estimate B is a least squares estimate of 3 if XB is the vector in

C(X) that is closest to Y. In other words, B is a least squares estimate of 3 if

-~

B =argmin (Y~ Xp)(Y - Xp)

LEAST SQUARES: Let B = (b1, P2, ..., Bp)" and define the error sum of squares

Q(B) = (Y = XB)(Y - XpB),

the squared distance from Y to X3. The point where Q(3) is minimized satisfies

9Q(8)
9B 0
29Q(8)
9 0
M =0, or, in other words, o =
Bl : :
9Q(B)
0Bp 0

This minimization problem can be tackled either algebraically or geometrically.
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Result 2.1. Let a and b be p x 1 vectors and A be a p x p matrix of constants. Then

da’b | Ob'Ab
b 2 ob

= (A+A')b.
Proof. See Monahan, pp 14. [J

NOTE: In Result 2.1, note that

Ob’Ab

= 2Ab
b

if A is symmetric.

NORMAL EQUATIONS: Simple calculations show that

QB) = (Y -XB)(Y-Xp)
— Y'Y - 2Y'X3 + BX'X3.

Using Result 2.1, we have

9Q(8)
B

because X'X is symmetric. Setting this expression equal to 0 and rearranging gives

= —2X'Y +2X'X 33,

X'X8=X'Y.

These are the normal equations. If X'X is nonsingular, then the unique least squares
estimator of 3 is

B=(XX)'XY.
When X’X is singular, which can happen in ANOVA models (see Chapter 1), there can
be multiple solutions to the normal equations. Having already proved algebraically that
the normal equations are consistent, we know that the general form of the least squares

solution is

~

B=XX) XY +[I - (XX)"X'X]z,

for z € RP, where (X'X)~ is a generalized inverse of X'X.
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2.2 Geometric considerations

CONSISTENCY : Recall that a linear system Ax = c is consistent if there exists an x*
such that Ax" = c; that is, if ¢ € C(A). Applying this definition to

X'X8 = XY,

the normal equations are consistent if X'Y € C(X'X). Clearly, XY € C(X'). Thus, we’ll
be able to establish consistency (geometrically) if we can show that C(X'X) = C(X').

Result 2.2. NV (X'X) = N(X).

Proof. Suppose that w € N(X). Then Xw = 0 and X'Xw = 0 so that w € /(X'X).
Suppose that w € N(X'X). Then X’Xw = 0 and w'X'Xw = 0. Thus, |[|Xw||? =0
which implies that Xw = 0; i.e., w € V(X). O

Result 2.3. Suppose that S; and 7; are orthogonal complements, as well as Sy and 7.
If Sl g 82, then 7-2 g 71
Proof. See Monahan, pp 244. (J

CONSISTENCY : We use the previous two results to show that C(X'X) = C(X'). Take

S = N(X'X), T1 = C(X'X), S = N(X), and T, = C(X'). We know that S; and

T1 (Sz and T3) are orthogonal complements. Because N (X'X) C N(X), the last result

guarantees C(X') C C(X'X). But, C(X'X) C C(X') trivially, so we’re done. Note also
CX'X)=CX') = r(X'X) =rX") =r(X). O

NOTE: We now state a result that characterizes all solutions to the normal equations.

Result 2.4. Q(8) = (Y —X3)'(Y — X3) is minimized at ,@ if and only if 3 is a solution
to the normal equations.

Proof. (<=) Suppose that ,[A‘B is a solution to the normal equations. Then,
QB) = (Y -XB)(Y -XB)
= (Y-XB+XB-XB)(Y-XB+XB-Xp)
= (Y -XB)(Y - XB) + (XB - XB)'(XB — XB),
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since the cross product term 2(XB - XB)(Y — XB) = 0; verify this using the fact that
B solves the normal equations. Thus, we have shown that Q(8) = Q(B) + 7'z, where
z = X3 — X3. Therefore, Q(8) > Q(B) for all B and, hence, 8 minimizes Q(8). (=)
Now, suppose that 3 minimizes Q(B). We already know that Q(E}) > Q(,@), where
B = (X’X)~X"Y, by assumption, but also Q(B) < Q(B) because B minimizes Q(8).

Thus, Q(B) = Q(B) But because Q(B) = Q(,@) + 7'z, where z = X3 — X3, it must be
true that z = XB — X,B = 0; that is, XB = X,B. Thus,

X'XB3 =X'X8 = XY,
since E is a solution to the normal equations. This shows that B is also solution to the

normal equations. [J

INVARIANCE: In proving the last result, we have discovered a very important fact;
namely, if B and E both solve the normal equations, then X@ = XB In other words,

X,B’ is invariant to the choice of B

NOTE: The following result ties least squares estimation to the notion of a perpendicular

projection matrix. It also produces a general formula for the matrix.

Result 2.5. An estimate B is a least squares estimate if and only if XB = MY, where
M is the perpendicular projection matrix onto C(X).

Proof. We will show that
(Y -XB8)(Y —XB8)=(Y —MY)(Y —MY) + (MY — X3) (MY — Xz3).

Both terms on the right hand side are nonnegative, and the first term does not involve
B. Thus, (Y —X8)'(Y —X/3) is minimized by minimizing (MY —X3) (MY —X/3), the
squared distance between MY and X3. This distance is zero if and only if MY = X3,
which proves the result. Now to show the above equation:

(Y -XB)(Y-XB) = (Y -MY +MY - X3)(Y —MY + MY — X3)

= (Y-MY)(Y —MY) + (Y —MY)(MY — X3)

7

*)
+ (MY — X8) (Y — MY) +(MY — X8)' (MY — Xg).

N J
-~

(%)
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It suffices to show that (x) and (%) are zero. To show that (x) is zero, note that
(Y - MY) (MY — X8) = Y/(I- M)(MY — X3) = [(I- M)Y]'(MY — Xg) = 0,
because (I— M)Y € N(X') and MY — X3 € C(X). Similarly, (xx) =0 as well. O
Result 2.6. The perpendicular projection matrix onto C(X) is given by
M = X(X'X)" X'

Proof. We know that 8 = (X'X)~X"Y is a solution to the normal equations, so it is a
least squares estimate. But, by Result 2.5, we know XB = MY. Because perpendicular

projection matrices are unique, M = X(X'X)~ X’ as claimed. [

NOTATION: Monahan uses Px to denote the perpendicular projection matrix onto
C(X). We will henceforth do the same; that is,

Px = X(X'X)"X'.

PROPERTIES: Let Px denote the perpendicular projection matrix onto C(X). Then

(a) Px is idempotent

(b) Px projects onto C(X)

(c¢) Px is invariant to the choice of (X'X)~
(d) Px is symmetric

(e) Px is unique.

We have already proven (a), (b), (d), and (e); see Matrix Algebra Review 5. Part (c) must

be true; otherwise, part (e) would not hold. However, we can prove (c¢) more rigorously.
Result 2.7. If (X’X); and (X'X), are generalized inverses of X'X, then
1 X(X'X);X'X = X(X'X); X'X = X

2. X(X'X); X' = X(X'X); X'
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Proof. For v.€ R™, let v = vy + vy, where v; € C(X) and vy, 1C(X). Since v; € C(X),

we know that v; = Xd, for some vector d. Then,
VX(X'X) XX =viIX(X'X)] X'X =dX'X(X'X)] XX =dX'X =vX,

since vy LC(X). Since v and (X'X); were arbitrary, we have shown the first part. To

show the second part, note that
X(X'X) X'v=X(XX)X'Xd =X(X'X); X'Xd = X(X'X); Xv.
Since v is arbitrary, the second part follows as well. [J

Result 2.8. Suppose X is n x p with rank » < p, and let Px be the perpendicular
projection matrix onto C(X). Then r(Px) =7(X) =r and r(I - Px) =n —r.

Proof. Note that Px is n x n. We know that C(Px) = C(X), so the first part is obvious.
To show the second part, recall that I — Px is the perpendicular projection matrix onto

N (X'), so it is idempotent. Thus,
rI-Px)=tr(I-Px)=tr(I) —tr(Px) =n—r(Px)=n—r,
because the trace operator is linear and because Px is idempotent as well. [

SUMMARY: Consider the linear model Y = X3 + €, where F(e) = 0; in what follows,
the cov(€) = o*T assumption is not needed. We have shown that a least squares estimate
of 3 is given by

o~

B =(XX)"X"Y.
This solution is not unique (unless X’X is nonsingular). However,
PxY=X3=Y

is unique. We call Y the vector of fitted values. Geometrically, Y is the point in C(X)
that is closest to Y. Now, recall that I — Px is the perpendicular projection matrix onto

N (X’). Note that

I-Px)Y=Y-PxY=Y-Y=¢
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We call € the vector of residuals. Note that € € N (X’). Because C(X) and N (X') are
orthogonal complements, we know that Y can be uniquely decomposed as
Y=-Y+e
We also know that Y and @ are orthogonal vectors. Finally, note that
YY=YIY = Y Px+I1I-Px)Y

= YPxY+Y'(I-Px)Y

— Y'PxPxY +Y'(I-Px)I-Px)Y

= Y'Y +d%,
since Px and I—Px are both symmetric and idempotent; i.e., they are both perpendicular

projection matrices (but onto orthogonal spaces). This orthogonal decomposition of Y'Y

is often given in a tabular display called an analysis of variance (ANOVA) table.

ANOVA TABLE: Suppose that Y isn x 1, X is n x p with rank » < p, B3 is p x 1, and
eisn x 1. An ANOVA table looks like

Source df SS

Model Y'Y =YPxY
Residual n—r €e=Y'(I-Px)Y

Total n Y'Y =YTY

It is interesting to note that the sum of squares column, abbreviated “SS,” catalogues
3 quadratic forms, Y'PxY, Y'(I — PxY), and Y'TY. The degrees of freedom column,

abbreviated “df,” catalogues the ranks of the associated quadratic form matrices; i.e.,

The quantity Y/'PxY is called the (uncorrected) model sum of squares, Y'(I — Px)Y
is called the residual sum of squares, and Y'Y is called the (uncorrected) total sum of

squares.
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NOTE: The following “visualization” analogy is taken liberally from Christensen (2002).

VISUALIZATION: One can think about the geometry of least squares estimation in
three dimensions (i.e., when n = 3). Consider your kitchen table and take one corner of
the table to be the origin. Take C(X) as the two dimensional subspace determined by the
surface of the table, and let Y be any vector originating at the origin; i.e., any point in
R3. The linear model says that £(Y) = X3, which just says that E(Y) is somewhere on
the table. The least squares estimate Y = XB = PxY is the perpendicular projection
of Y onto the surface of the table. The residual vector € = (I — Px)Y is the vector
starting at the origin, perpendicular to the surface of the table, that reaches the same
height as Y. Another way to think of the residual vector is to first connect Y and
PxY with a line segment (that is perpendicular to the surface of the table). Then,
shift the line segment along the surface (keeping it perpendicular) until the line segment
has one end at the origin. The residual vector € is the perpendicular projection of Y
onto C(I — Px) = N(X'); that is, the projection onto the orthogonal complement of the
table surface. The orthogonal complement C(I — Px) is the one-dimensional space in
the vertical direction that goes through the origin. Once you have these vectors in place,

sums of squares arise from Pythagorean’s Theorem.

A SIMPLE PPM: Suppose Y1,Ys, ..., Y, are iid with mean E(Y;) = p. In terms of the

general linear model, we can write Y = X3 + €, where

Y, 1 €1

Y, 1 €2
y=| 7|, X=1=|_ | B=p e=

Y., 1 €n

The perpendicular projection matrix onto C(X) is given by
P, =1(11)" 1" =n""11"=n"1J,
where J is the n x n matrix of ones. Note that

P,Y =n'JY = Y1,
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where Y = n~! >+, Y;. The perpendicular projection matrix Py projects Y onto the
space

CPy)={z€R":z=(a,a,..,a); a € R}

Note that r(P;) = 1. Note also that

Vi -Y

_ Yy —Y
I-P)Y=Y-P,Y=Y-V1=| ° :

Y, Y

the vector which contains the deviations from the mean. The perpendicular projection

matrix I — Py projects Y onto

C(I B Pl) B {Z © Rn cZ= (al’a27 "'7an)/; Q; S R7 ZGi - 0} '
i=1
Note that r(I —P1) =n — 1.

REMARK: The matrix P; plays an important role in linear models, and here is why.
Most linear models, when written out in non-matrix notation, contain an intercept

term. For example, in simple linear regression,
Y; = Bo + Piwi + €,
or in ANOVA-type models like
Yijk = p+ o + B + 735 + €,

the intercept terms are 3y and pu, respectively. In the corresponding design matrices, the
first column of X is 1. If we discard the “other” terms like $y2; and o; + 3; 4+ ;5 in the
models above, then we have a reduced model of the form Y; = u + ¢;; that is, a model
that relates Y; to its overall mean, or, in matrix notation Y = 1u+ €. The perpendicular

projection matrix onto C(1) is Py and

Y'P,Y = YP,P,Y = (P,Y)(P,Y) =nY".
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This is the model sum of squares for the model Y; = u+ ¢;; that is, Y'P1Y is the sum of
squares that arises from fitting the overall mean u. Now, consider a general linear model
of the form Y = X3 + €, where E(€) = 0, and suppose that the first column of X is 1.

In general, we know that
YY=YITY=YPxY+Y(I-Px)Y.
Subtracting Y'P1Y from both sides, we get
YI-P)Y=Y'(Px-P)Y+Y'(I-Px)Y.

The quantity Y'(I—P)Y is called the corrected total sum of squares and the quantity
Y'(Px — P1)Y is called the corrected model sum of squares. The term “corrected”
is understood to mean that we have removed the effects of “fitting the mean.” This is

important because this is the sum of squares breakdown that is commonly used; i.e.,

Source df SS
Model (Corrected) r—1 Y'(Px —P;)Y
Residual n—r Y (I-Px)Y

Total (Corrected) n—1 Y'(I-P1)Y

In ANOVA models, the corrected model sum of squares Y'(Px — P1)Y is often broken
down further into smaller components which correspond to different parts; e.g., orthog-
onal contrasts, main effects, interaction terms, etc. Finally, the degrees of freedom are

simply the corresponding ranks of Px — Py, I — Px, and I — P;.

NOTE: In the general linear model Y = X3 + €, the residual vector from the least
squares fit € = (I — Px)Y € N(X/), so €X = 0; that is, the residuals in a least squares
fit are orthogonal to the columns of X, since the columns of X are in C(X). Note that if

1 € C(X), which is true of all linear models with an intercept term, then

n
e€l=>» ¢ =0,
=1

that is, the sum of the residuals from a least squares fit is zero. This is not necessarily

true of models for which 1 ¢ C(X).
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Result 2.9. If C(W) C C(X), then Px — Pw is the perpendicular projection matrix
onto C[(I — Pw)X].

Proof. Tt suffices to show that (a) Px — Pw is symmetric and idempotent and that (b)
C(Px — Pw) = C[(I - Pw)X]. First note that PxPw = Pw because the columns of
Pw are in C(W) C C(X). By symmetry, PwPx = Pw. Now,

(Px — Pw)(Px — Pw) = P% —PxPw — PwPx + P%

= Px —Pw—-Pw+Pw=Px —Pw.

Thus, Px —Pw is idempotent. Also, (Px —Pw)' = Px —P{ = Px —Pw, so Px —Pw
is symmetric. Thus, Px — Pw is a perpendicular projection matrix onto C(Px — Pw).
Suppose that v € C(Px — Pw); i.e., v = (Px — Pw)d, for some d. Write d = d; + d,
where d; € C(X) and dy € N (X'); that is, d; = Xa, for some a, and X'dy = 0. Then,

v = (Px —Pw)(d; +dy)
= (Px —Pw)Xa+d,)
= PxXa+ Pxd; — PwXa - Pwd,
= Xa+0-PwXa—-0
= (I-Pw)Xae(C[I-Pw)X].

Thus, C(Px — Pw) C C[(I — Pw)X]. Now, suppose that w € C[(I — Pw)X]. Then

w = (I — Pw)Xc, for some c. Thus,
w = Xc — PwXc = PxXc - PwXc = (PX — Pw>XC € C(PX — Pw)
This shows that C[(I — Pw)X] C C(Px — Pw). O

TERMINOLOGY : Suppose that V is a vector space and that S is a subspace of V; i.e.,
S C V. The subspace

Sy ={z€V:zl8}
is called the orthogonal complement of S with respect to V. If V = R", then Sy = S+

is simply referred to as the orthogonal complement of S.
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Result 2.10. If C(W) C C(X), then C(Px — Pw) = C[(I — Pw)X] is the orthogonal
complement of C(Pw) with respect to C(Px); that is,

C(Px — Pw) = C(Pw)i(py)-

PTOOf. C(PX —Pw)LC(Pw) because (PX —Pw)PW = PxPW _P%V = PW —PW =0.
Because C(Px — Pw) C C(Px), C(Px —Pw) is contained in the orthogonal complement
of C(Pw) with respect to C(Px). Now suppose that v € C(Px) and v.LC(Pw). Then,

VvV = va = (PX — Pw)V —+ Pwv = (PX — Pw)V € C(PX — Pw),

showing that the orthogonal complement of C(Pw) with respect to C(Px) is contained
in C(PX - Pw) O

REMARK: The preceding two results are important for hypothesis testing in linear

models. Consider the linear models
Y=XB8+€ and Y =W~ +¢,

where C(W) C C(X). As we will learn later, the condition C(W) C C(X) implies that
Y = W+ + € is a reduced model when compared to Y = X3 + €, sometimes called
the full model. If E(e) = 0, then, if the full model is correct,

E(PxY) = PxE(Y) = PxX8 = X8 € C(X).

Similarly, if the reduced model is correct, E(PwY) = W~ € C(W). Note that if
the reduced model Y = W+ + € is correct, then the full model Y = X3 + € is also
correct since C(W) C C(X). Thus, if the reduced model is correct, PxY and PwY
are attempting to estimate the same thing and their difference (Px — Pw)Y should be
small. On the other hand, if the reduced model is not correct, but the full model is, then
PxY and PwY are estimating different things and one would expect (Px — Pw)Y to
be large. The question about whether or not to “accept” the reduced model as plausible
thus hinges on deciding whether or not (Px — Pw)Y, the (perpendicular) projection of
Y onto C(Px — Pw) = C(Pw)é(Px), is large or small.
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2.3 Reparameterization

REMARK: For estimation in the general linear model Y = X3 + €, where E(e) = 0,
we can only learn about B through X3 € C(X). Thus, the crucial item needed is
Px, the perpendicular projection matrix onto C(X). For convenience, we call C(X) the
estimation space. Px is the perpendicular projection matrix onto the estimation space.
We call N (X’) the error space. I — Px is the perpendicular projection matrix onto the

€rror space.

IMPORTANT: Any two linear models with the same estimation space are really the
same model; the models are said to be reparameterizations of each other. Any two
such models will give the same predicted values, the same residuals, the same ANOVA

table, etc. In particular, suppose that we have two linear models:
Y=XB8+€¢ and Y =W~+e

If C(X) = C(W), then Px does not depend on which of X or W is used; it depends only
on C(X) =C(W). As we will find out, the least-squares estimate of E(Y) is

Y = PxY = X3 = W#7.

IMPLICATION: The (3 parameters in the model Y = X3 + €, where F(e) = 0, are
not really all that crucial. Because of this, it is standard to reparameterize linear models
(i.e., change the parameters) to exploit computational advantages, as we will soon see.
The essence of the model is that E(Y) € C(X). As long as we do not change C(X), the
design matrix X and the corresponding model parameters can be altered in a manner

suitable to our liking.
EXAMPLE: Recall the simple linear regression model from Chapter 1 given by
Y; = fo + bz + €,

fori =1,2,...,n. Although not critical for this discussion, we will assume that €, €s, ..., €,

are uncorrelated random variables with mean 0 and common variance o2 > 0. Recall
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that, in matrix notation,

Y, 1 x €1

Y, L 2o Bo €2
Yox1 = . ) Xnx2 = . . ) /82><1 = ) €Enx1 = .

. . . /81

Y, 1 z, €n

As long as (x1, xa, ..., z,,)" is not a multiple of 1,, and at least one x; # 0, then r(X) = 2

and (X'X)™! exists. Straightforward calculations show that

=2

1 T z
X/X _ n Zz Z; : (X/X)_l _ n + Ei(mi_E)Q _Zl(xl_E)Q
z 1

and

> Yi
ENE

Thus, the (unique) least squares estimator is given by

XY =

-~ Bo Y - Bz
= (X'X)"'X'Y = = -
B=I ) B >i(i—7)(Yi=Y)
! >i(xi—7)?
For the simple linear regression model, it can be shown (verify!) that the perpendicular

projection matrix Px is given by

Px = X(X'X)'X

1 (z1-7)? 1, (@m=o(x-m) (21-7) (zn—T)
n T >i(zi—T)? n T >oi(wi—T)? + > (xi—x)?
1, @1-7)(22-7) (x2—-7)° L (w2 —T) (%0 —T)
I TR SR O +zmm Tl o=
1 (z1-%)(zn—=) 1 (z2—T)(zn—T) . 1 (zn—E)% z)?2
n T Yil@i—z)* n + > (@i —7)2 nt S (@wi—0)?

A reparameterization of the simple linear regression model Y; = By + [1x; + €; is
Yi=1+7(ri —7)+¢&

or Y = W~ + €, where

Yi 1 T -7 €1
2 1 z9—7 Yo €2
Yn><l = . s Wn><2 = . . ) Yox1 = 5 €Enx1 =
: : : o
Y, 1 z,—7 €n
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To see why this is a reparameterized model, note that if we define

U= :
0 1
then W = XU and X = WU™! (verify!) so that C(X) = C(W). Moreover, E(Y) =
X3 =W+ = XU~. Taking P’ = (X’X)"'X’ leads to 3 = P'X3 = P'XU~ = U~; i.e.,

Bo Yo —NT
8= = = U~.

51 71

To find the least-squares estimator for 4 in the reparameterized model, observe that

0

1
>i(zi—m)?

/ n O ! —1
W'W = and (W'W) " =

0 > i(zi— T)?

Note that (W'W)~! is diagonal; this is one of the benefits to working with this param-

O 3=

eterization. The least squares estimator of ~ is given by

S—wwywy = [ ) = "
= s | 7| sewem |
m PN

which is different than E However, it can be shown directly (verify!) that the perpen-

dicular projection matrix onto C(W) is

Pw = WWW)'W

x1—7T)? 21—7)(x2—T 21—%Z)(xn—T

P SRS - eSS

1 (21—%)(22—7) 1 (22—7)2 1 (22—T)(Tn—T)

_ | TS n T S PR S
1y @1=B@n=2) 1, @27 1 (zn—7)2
n * > i(wi—7)? n + 2i(@i—7)? n T > (xi—%)?

A~

which is the same as Px. Thus, the fitted values will be the same; i.e., Y = PxY =
Xﬁ = WA~ = PwY, and the analysis will be the same under both parameterizations.

EXERCISE: Show that the one way fixed effects ANOVA model Y}; = pu + «; + €, for
t=1,2,...,aand j = 1,2, ..., n;, and the cell means model Y;; = p; + ¢;; are reparameter-

izations of each other. Does one parameterization confer advantages over the other?
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3 Estimability and Least Squares Estimators

Complementary reading from Monahan: Chapter 3 (except Section 3.9).

3.1 Introduction

REMARK : Estimability is one of the most important concepts in linear models. Consider
the general linear model

Y = X3 + ¢,

where E(€) = 0. In our discussion that follows, the assumption cov(e) = oI is not
needed. Suppose that X is n x p with rank r < p. If » = p (as in regression models), then
estimability concerns vanish as 3 is estimated uniquely by ﬁ = (X'X)"IX'Y. If r < p,
(a common characteristic of ANOVA models), then 3 can not be estimated uniquely.

However, even if 3 is not estimable, certain functions of 3 may be estimable.

3.2 Estimability

DEFINITIONS:

1. An estimator ¢(Y) is said to be unbiased for X' iff E{¢t(Y)} = N'3, for all 8.

2. An estimator #(Y) is said to be a linear estimator in Y iff ¢(Y) = ¢+ a’Y, for

c€R and a = (ay,as,...,a,)", a; € R.

3. A function A'B is said to be (linearly) estimable iff there exists a linear unbiased

estimator for it. Otherwise, A’3 is nonestimable.

Result 3.1. Under the model assumptions Y = X3 + €, where E(€) = 0, a linear
function X' is estimable iff there exists a vector a such that A" = a’X; that is, A’ € R(X).
Proof. (<=) Suppose that there exists a vector a such that A’ = a’X. Then, F(a'Y) =
a’X3 = N, for all 3. Therefore, a'Y is a linear unbiased estimator of '3 and hence
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X' is estimable. (=) Suppose that A'3 is estimable. Then, there exists an estimator
c+a"Y that is unbiased for it; that is, E(c+a'Y) = X'3, for all 3. Note that E(c+a’Y) =
c+a'’XB, so NB = c+a’Xa, for all 3. Taking 3 = 0 shows that ¢ = 0. Successively
taking 3 to be the standard unit vectors convinces us that A’ = a’X; i.e., X' € R(X). O

Example 3.1. Consider the one-way fixed effects ANOVA model
Yij = p+ o + €,

fori=1,2,..,a and j =1,2,...,n;, where E(¢;;) = 0. Take a = 3 and n; = 2 so that

Y11 1 100

Yio 1100 [

3/21 1 0 1 0 a1
Y = , X = , and =

Yoo 1 010 Qv

Y9 1 001

Note that r(X) = 3, so X is not of full rank; i.e., 3 is not uniquely estimable. Consider

the following parametric functions \'3:

Parameter N A € R(X)? Estimable?
ANB=u =(1,0,0,0) no no
A8 = oy =(0,1,0,0) no no
AB=p+ao )\g =(1,1,0, 0) yes yes
A8 =a; —ay A =(0,1,-1,0) yes yes
AB=a; — (a+a3)/2 Ay=(0,1,-1/2,—-1/2) yes yes

Because A58 = u+ a1, A} = a1 — ag, and A3 = a1 — (az + a3)/2 are (linearly)

estimable, there must exist linear unbiased estimators for them. Note that

— Y1 +Y
EY.) = E(%)

1 ,
S(pt+a) =p+ar =230

1
= ,u+0z1)+2

5
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and that Y, = c+a'Y, where ¢ = 0 and a’ = (1/2,1/2,0,0,0,0). Also,

EY1y —Ya) = (p+ar)— (u+as)

= 1 — Q09 = AZB
and that Y, —Y,, = c+a’Y, wherec =0 and a’ = (1/2,1/2,—-1/2,—1/2,0,0). Finally,

p{Fu - () — o - e + ek o)

1
= a;— 5(042 + az) = A5B.

Note that

where ¢ =0 and a’' = (1/2,1/2,-1/4,-1/4,—-1/4,—1/4). O

REMARKS:

1. The elements of the vector X3 are estimable.

2. If X1B,A,08,...,A\.B are estimable, then any linear combination of them; i.e.,

Zle di)\gﬁ, where d; € R, is also estimable.

3. If X is n x p and r(X) = p, then R(X) = R? and A'3 is estimable for all X.

DEFINITION: Linear functions X} 3, A3, ..., A\, 3 are said to be linearly independent
if A1, Ag, ..., Ax comprise a set of linearly independent vectors; i.e., A = (A; Ay -+ Ag)

has rank k.

Result 3.2. Under the model assumptions Y = X3 + €, where E(e) = 0, we can
always find r = r(X) linearly independent estimable functions. Moreover, no collection
of estimable functions can contain more than r linearly independent functions.

Proof. Let ¢; denote the ith row of X, for i = 1,2,...,n. Clearly, ¢\3,¢(,8,...,¢.3 are
estimable. Because r(X) = r, we can select r linearly independent rows of X; the corre-
sponding r functions ;3 are linearly independent. Now, let A’ = (A|3, A8, ..., A\.B)’

be any collection of estimable functions. Then, A} € R(X), for i = 1,2, ..., k, and hence
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there exists a matrix A such that A" = A’X. Therefore, r(A") = r(A’X) < r(X) = r.
Hence, there can be at most r linearly independent estimable functions. [J

DEFINITION: A least squares estimator of an estimable function X'3 is N3, where

~

B = (X'X)~X"Y is any solution to the normal equations.

Result 3.3. Under the model assumptions Y = X3 + €, where E(e) = 0, if X'3 is
estimable, then XB = XB for any two solutions B and B to the normal equations.

Proof. Suppose that A'3 is estimable. Then X' = a’X,, for some a. From Result 2.5,

NB=aXB = aPxY
NB=aX3 = aPxY.

This proves the result. [

Alternate proof. If B and B both solve the normal equations, then X’ X(B — B) = 0; that
is, B — B € N(X'X) = N(X). If X3 is estimable, then X' € R(X) <= X € C(X/) <>
ALN(X). Thus, N (8 —8) = 0: i.e., N8 = NB. O

IMPLICATION: Least squares estimators of (linearly) estimable functions are invariant

to the choice of generalized inverse used to solve the normal equations.

Example 3.2. In Example 3.1, we considered the one-way fixed effects ANOVA model
Yij = p+oa; + ¢y, fori=1,2,3 and j = 1,2. For this model, it is easy to show that

N NN O
S O NN
S N O N
N O O N

and r(X'X) = 3. Here are two generalized inverses of X'X:

0000 1 -1 -1o
0L 00 N T
XX =] ° (XX); = | ] i
0010 -3 3 1.0
00 0 2 0O 0 0 0
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Note that
Yip
111111 Yio Y1+ Yio + Yor + Yio + Y31 + Vi
110000 Y: Yi +Y,

XY — a | 11+ Y12
001100 Yoo Yor + Yao
000O0T1T71 Y3 Y31 + Yo

Y32
Two least squares solutions (verify!) are thus
0 Yy
Y Yi,-Y
B=(XX)XY=| 'F and B=XX;XyY=|_" 7
Yor Yor =Yy
Y 0
Recall our estimable functions from Example 3.1:
Parameter by A e R(X)? Estimable?
AB=p+o =(1,1,0, 0) yes yes
A8 =a; —ay =(0,1,-1,0) yes yes
A3 =a; — (g + az)/2 X =(0,1,-1/2,-1/2) yes yes

Note that

o for A33 = i+ a1, the (unique) least squares estimator is
NB=NB =Y.,
e for A}3 = a; — aw, the (unique) least squares estimator is
NB=XNB=Y1 —Ya.
e for X3 = a1 — (ag + a3)/2, the (unique) least squares estimator is

1
Xfﬁ A 5 Y- §(Y2+ +Y3y).
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Finally, note that these three estimable functions are linearly independent since

1 0 0

1 1 1
A= < )\3 )\4 A5 ) =

0 —1 —1/2

0 0 -1/2

has rank r(A) = 3. Of course, more estimable functions X3 can be found, but we can

find no more linearly independent estimable functions because r(X) = 3. [

Result 3.4. Under the model assumptions Y = X3 + €, where E(€) = 0, the least

squares estimator X,@ of an estimable function A’'3 is a linear unbiased estimator of A'3.

Proof. Suppose that B solves the normal equations. We know (by definition) that X' is
the least squares estimator of X’3. Note that

NB = N{(X'X)"X'Y +[I - (X'X)"X'X]z}

— N(X'X) XY + N[ - (X'X)"X'X]z.
Also, X' is estimable by assumption, so A" € R(X) <= X € C(X') <= ALN(X). Re-
sult MARS5.2 says that [I— (X'X)"X'X]z € N (X'X) = N (X), so X'[I— (X'X)" X'X]z =
0. Thus, N3 = X (X’X)~X'Y, which is a linear estimator in Y. We now show that N7

is unbiased. Because X' is estimable, A’ € R(X) = X' = a’X, for some a. Thus,

E(NB) = B{N(X'X)"X'Y} = N(X'X)XE(Y)
= N(X'X)"X'X3
= aX(X'X)"X'X3
— aPxXB=aX8=X3.0O

SUMMARY: Consider the linear model Y = X3 + €, where E(e) = 0. From the
definition, we know that X’'3 is estimable iff there exists a linear unbiased estimator for
it, so if we can find a linear estimator c+a’Y whose expectation equals X'3, for all 3, then
A'3 is estimable. From Result 3.1, we know that A'B3 is estimable iff X’ € R(X). Thus,

if A" can be expressed as a linear combination of the rows of X, then A’3 is estimable.
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IMPORTANT: Here is a commonly-used method of finding necessary and sufficient
conditions for estimability in linear models with E(e) = 0. Suppose that X is n X p

with rank r < p. We know that A’ is estimable iff X’ € R(X).

e Typically, when we find the rank of X, we find r linearly independent columns of
X and express the remaining s = p — r columns as linear combinations of the r
linearly independent columns of X. Suppose that cq, co, ..., cs satisfy Xc; = 0, for
i=1,2,..,s, that is, ¢; € N(X), for i = 1,2,...;s. If {c1,cCo,...,cs} forms a basis

for N(X); i.e., ¢, Co, ..., Cs are linearly independent, then

)\/Cl =0
A/CQ =0
Ne, = 0

are necessary and sufficient conditions for A’3 to be estimable.

REMARK: There are two spaces of interest: C(X’) = R(X) and MV (X). If X isn x p
with rank r < p, then dim{C(X")} = r and dim{N(X)} = s = p — r. Therefore, if

C1,Ca, ..., Cs are linearly independent, then {cy, ¢z, ..., cs} must be a basis for N'(X). But,

A'B estimable <= X' € R(X) < A e(C(X)
<= A is orthogonal to every vector in N (X)
<= A is orthogonal to cq,co, ..., C

<~ N¢;=0,i=1,2,...,s.

Therefore, X'3 is estimable iff X'c; = 0, for i = 1,2, ..., s, where ¢y, Co, ..., ¢, are s linearly

independent vectors satisfying Xc; = 0.

TERMINOLOGY: A set of linear functions {\|3, X\,03, ..., A3} is said to be jointly
nonestimable if the only linear combination of A|3,A53, ..., A\, 3 that is estimable is
the trivial one; i.e., = 0. These types of functions are useful in non-full-rank linear models

and are associated with side conditions.
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3.2.1 One-way ANOVA

GENERAL CASE: Consider the one-way fixed effects ANOVA model Y;; = p+ «o; + €5,

fori=1,2,...,a and j = 1,2,...,n;, where E(¢;;) = 0. In matrix form, X and 3 are

%
1,, 1,, 0, --- Oy
051
1,, 0,, 1, -+ 0,
Xnxp = o . and = By =| a2 |,
1na Ona Ona 1na
Qg

where p = a+1and n = ) . n;. Note that the last a columns of X are linearly independent
and the first column is the sum of the last a columns. Hence, r(X) = r = a and
s=p—r =1 With ¢; = (1,-1), note that Xc; = 0 so {c;} forms a basis for N'(X).
Thus, the necessary and sufficient condition for X'8 = Aop + > 7| Mia; to be estimable
is

Ne,=0= )\ = iki.
i=1
Here are some examples of estimable functions:
1. p+ oy
2. o — oy
3. any contrast in the o’s; i.e., Y i | Aoy, where Y7 A = 0.

Here are some examples of nonestimable functions:

2. (073
a
3. Zi:l n;o;.

There is only s = 1 jointly nonestimable function. Later we will learn that jointly non-

estimable functions can be used to “force” particular solutions to the normal equations.
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The following are examples of sets of linearly independent estimable functions (verify!):

L. {M + aq, + Qo .oy b + aa}

2. {p+a1,01 — g, ...,a1 — g}

LEAST SQUARES ESTIMATES: We now wish to calculate the least squares estimates

of estimable functions. Note that X’X and one generalized inverse of X’X is given by

n /n/l n2 oo na O O O A 0
XX=]n, 0 ny --- 0 and (XX)"=|0 0 1/np --- 0
ng 0 0 -+ n, 0 O 0 - 1/n,

For this generalized inverse, the least squares estimate is

00 0 - 0 DI 0
B=XX)XY=]|0 0 1/ng --- 0 Zj Y, =| YV
0 0 0 1/na ijaj ?a-&-

REMARK: We know that this solution is not unique; had we used a different generalized
inverse above, we would have gotten a different least squares estimate of 3. However, least
squares estimates of estimable functions A'3 are invariant to the choice of generalized
inverse, so our choice of (X’X)~ above is as good as any other. From this solution, we

have the unique least squares estimates:

o~

Estimable function, \'3 Least squares estimate, \'(3
M+ Yis
Q; — Q ?z’+ - 7l~c+
ot A, where Y8 N =0 S AY
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3.2.2 Two-way crossed ANOVA with no interaction

GENERAL CASE: Consider the two-way fixed effects (crossed) ANOVA model

Yije = p+ o + Bj + €iji,
for i =1,2,...,aand j = 1,2,...,b, and k = 1,2, ...,n;;, where E(e;;) = 0. For ease of
presentation, we take n;; = 1 so there is no need for a k subscript; that is, we can rewrite

the model as Y;; = p+ a; + B + €;;. In matrix form, X and 3 are

aq

&%)
1, 1, 0, --- 0, I,

1, 0, 1, --- 0, Ib
Xn><p = . . . . . . and IBpxl = Qg 5

A

1, 0, 0, --- 1, I
B2

B
where p = a + b+ 1 and n = ab. Note that the first column is the sum of the last b

columns. The 2nd column is the sum of the last b columns minus the sum of columns 3
through a 4+ 1. The remaining columns are linearly independent. Thus, we have s = 2

linear dependencies so that 7(X) = a + b — 1. The dimension of V'(X) is s = 2. Taking

1 1
Ci = -1, and ¢y = 0,
0 -1,

produces Xc; = Xcy = 0. Since c¢; and cy are linearly independent; i.e., neither is
a multiple of the other, {c;,c2} is a basis for N (X). Thus, necessary and sufficient

conditions for A’B to be estimable are

Xcl:O - )\OZZ)\Z
=1

b
)\/CQ =0 = M= Z)\a+j.
j=1
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Here are some examples of estimable functions:
L op+ o+ 5;

2. a; — ay

3. Bj — B

=~

any contrast in the o’s; i.e., Y 5 A\ja;, where 3¢ | X; =0
5. any contrast in the f’s; i.e., Z?:1 Aa+jBj, where 2?21 Aatj = 0.
Here are some examples of nonestimable functions:

1. p

2. (8]

o
g
=

We can find s = 2 jointly nonestimable functions. Examples of sets of jointly nones-

timable functions are

L. {aaaﬁb}
2. {3 ai?Zj Bi}-

A set of linearly independent estimable functions (verify!) is

L {p+ar+ b0 —ag,..,a1 — g, 1 — B2, ., 1 — Bo}-

NOTE: When replication occurs; i.e., when n;; > 1, for all 7 and j, our estimability
findings are unchanged. Replication does not change R(X). We obtain the following

least squares estimates:
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o~

Estimable function, \'3 Least squares estimate, X'3
B+ o+ 5 Yije
o — Oy 7z’++ - 71++
B; = b 7+j+ — Y
ot ey, with Y8 ¢, =0 S Yy
S0 diB, with 320 di =0 S Y gy

These formulae are still technically correct when n;; = 1. When some n;; = 0, i.e., there

are missing cells, estimability may be affected; see Monahan, pp 46-48.

3.2.3 Two-way crossed ANOVA with interaction

GENERAL CASE: Consider the two-way fixed effects (crossed) ANOVA model
Yije = 1+ i + B + vij + €ijks
fori=1,2,...,aand j=1,2,...,b, and k = 1,2, ..., n;;, where E(¢;;) = 0.

SPECIAL CASE: With a = 3, b =2, and n;; = 2, X and 3 are

—_ =

651

%)

o o o O

as
A
Ba
71

e e e e e
- = O O O O
= = o O = =

and (3=

12

_ o O O o o o o o

_ o O

V21
V22
V31

0
0
1
1
0
0
1
1
0
0
1
1

o O O O O O O O = M=

O O O O O O O O O O = o

o O O O O O O O +H =k o o
[

o O O O =B H O O O o o o

O O =k B O O O O o o o o

_ R, O O ©O ©O O o ©o o o o

T T T s T ==
o o o O = =
—
—
o o o o o o

32
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There are p = 12 parameters. The last six columns of X are linearly independent, and the
other columns can be written as linear combinations of the last six columns, so 7(X) = 6
and s = p —r = 6. To determine which functions X'3 are estimable, we need to find a
basis for N (X). One basis {cy, ¢y, ..., c6} is

( )

1 1 0 0 0 -1
1 0 1 0 0 1
1 0 0 1 0 1
1 0 0 0 0 0
0 1 0 0 1 1
0 | 0 0 0 0
o | 0o |’ 1| o | 1| ] 1
0 0 1 0 0 0
0 0 0 1 1 1
0 0 0 1 0 0
0 0 0 0 1 0

[\ 0 0 0 0 0 1/

Functions A’ must satisfy A'c; = 0, for each i = 1,2, ..., 6, to be estimable. It should be
obvious that neither the main effect terms nor the interaction terms; i.e, o, 3;, 7ij, are
estimable on their own. The six o; + 3; 4+ 7;; “cell means” terms are, but these are not
that interesting. No longer are contrasts in the a’s or 3’s estimable. Indeed, interaction

makes the analysis more difficult.

3.3 Reparameterization

SETTING: Consider the general linear model
Model GL: Y =XB8+€, where E(e) =0.

Assume that X is n x p with rank » < p. Suppose that W is an n x t matrix such
that C(W) = C(X). Then, we know that there exist matrices T)y; and S,.; such that
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W = XT and X = WS'. Note that X3 = WS'3 = W+, where v = S'3. The model
Model GL-R: Y = W+~ +¢€, where E(e) =0,
is called a reparameterization of Model GL.

REMARK: Since X3 = WS'B = W+ = XT+, we might suspect that the estimation
of an estimable function A'3 under Model GL should be essentially the same as the
estimation of A'Ty under Model GL-R (and that estimation of an estimable function
q'~v under Model GL-R should be essentially the same as estimation of q'S’3 under
Model GL). The upshot of the following results is that, in determining a least squares
estimate of an estimable function A'3, we can work with either Model GL or Model

GL-R. The actual nature of these conjectured relationships is now made precise.

Result 3.5. Consider Models GL and GL-R with C(W) = C(X).

1. Pw = Px.

2. If 4 is any solution to the normal equations W'W+~ = W'Y associated with Model
GL-R, then ,B’ = T# is a solution to the normal equations X'X3 = X"Y associated
with Model GL.

3. If '@ is estimable under Model GL and if 7 is any solution to the normal equations
W'W+v = W'Y associated with Model GL-R, then A'T# is the least squares
estimate of X'3.

4. If g'7 is estimable under Model GL-R; i.e., if ' € R(W), then q'S’3 is estimable
under Model GL and its least squares estimate is given by 4, where 7 is any

solution to the normal equations WW+~ = W'Y

Proof.
1. Pw = Px since perpendicular projection matrices are unique.
2. Note that
X'XTy = X'WHq = X'PwY = XPxY = X'Y.

Hence, T4 is a solution to the normal equations X’'X3 = X'Y.
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3. This follows from (2), since the least squares estimate is invariant to the choice of the
solution to the normal equations.

4. If ¢ € R(W), then ' = a'W, for some a. Then, 'S’ = aWS' = a’X € R(X), so
that q'S’3 is estimable under Model GL. From (3), we know the least squares estimate
of 'S'Bis 'S'TH. But,

q'S'Ty = aWS'Ty = a’XTH = a' Wy =q~v. 0

WARNING: The converse to (4) is not true; i.e., 'S’3 being estimable under Model GL
doesn’t necessarily imply that g’ is estimable under Model GL-R. See Monahan, pp 52.

TERMINOLOGY: Because C(W) = C(X) and r(X) = r, W,,»; must have at least r
columns. If W has exactly r columns; i.e., if ¢ = r, then the reparameterization of
Model GL is called a full rank reparameterization. If, in addition, W'W is diagonal,
the reparameterization of Model GL is called an orthogonal reparameterization; see,

e.g., the centered linear regression model in Section 2 (notes).

NOTE: A full rank reparameterization always exists; just delete the columns of X that are
linearly dependent on the others. In a full rank reparameterization, (W'W)~! exists, so

the normal equations W'W+ = W'Y have a unique solution; i.e., ¥ = (W'W)"'W'Y.

DISCUSSION: There are two (opposing) points of view concerning the utility of full rank

reparameterizations.

e Some argue that, since making inferences about '« under the full rank reparam-
eterized model (Model GL-R) is equivalent to making inferences about 'S’@ in
the possibly-less-than-full rank original model (Model GL), the inclusion of the
possibility that the design matrix has less than full column rank causes a needless

complication in linear model theory.

e The opposing argument is that, since computations required to deal with the repa-
rameterized model are essentially the same as those required to handle the original

model, we might as well allow for less-than-full rank models in the first place.
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e [ tend to favor the latter point of view; to me, there is no reason not to include

less-than-full rank models as long as you know what you can and can not estimate.

Example 3.3. Consider the one-way fixed effects ANOVA model
Yij = p+ ai + €,

fori=1,2,...,a and j = 1,2,...,n;, where E(¢;;) = 0. In matrix form, X and 3 are

0
]—n1 ]—n1 On1 e 0n1
a1
1, 0, 1, --- O,
Xnxp = .2 .2 .2 ) .2 and Bpxl =] a2 |>
1., On, Opn, 1,
Qg

where p = a+1 and n = ), n;. This is not a full rank model since the first column is

the sum of the last a columns; i.e., 7(X) = a.

Reparameterization 1: Deleting the first column of X, we have

1”1 Onl e Om pt o 21
0, 1, --- 0, + «

Wi = '2 _2 ' _2 and v, = a ' > | = /%2 ,
0., 0y, 1,, Pt Ha

where ¢t = a and p; = E(Y;;) = p + ;. This is called the cell-means model and is
written Y;; = p; + €;;. This is a full rank reparameterization with C(W) = C(X). The

least squares estimate of -y is

v,

Y
F=WW) 'Wy=|

Vot

EXERCISE: What are the matrices T and S associated with this reparameterization?
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Reparameterization 2: Deleting the last column of X, we have

1,, 1, 0,, -+ 0Oy e e
1,, 0n, 1,, -+ 0O a1 — Oy
Wt = : : : : and v, = Qg — Qg J
1,,, O0u,, Op,, -~ 1, ,
1, 0, 0, - 0, Qg—1 — Qg

where ¢ = a. This is called the cell-reference model (what SAS uses by default). This
is a full rank reparameterization with C(W) = C(X). The least squares estimate of ~ is
Yoy
Yip—Yar
Y=WW)TWY = | ¥y, — Y,

Y1)+ —Yar

Reparameterization 3: Another reparameterization of the effects model uses

1, 1, 0,, - 0 u+a
1,, 0y, 1., -+ 0O Q) — o
Wxt = : : : : and v, = as—a |,
lnafl Onafl 0%4 T lna71
1, -1, -1, ~--- —1,, Qg1 — O

where t =a and @ = a™' Y, ;. This is called the deviations from the mean model.

This is a full rank reparameterization with C(W) = C(X).

Example 3.4. Two part multiple linear regression model. Consider the linear model
Y = X3 + €, where E(€) = 0. Suppose that X is full rank. Write X = (X; X3) and
B = (87, 85) so that the model can be written as

Model GL: 'Y = X3, + X0, + €.

Now, set W; = X; and Wy = (I — Px,)X,, where Px, = X (X/X;) !X/ is the

perpendicular projection matrix onto C(Xj). A reparameterized version of Model GL is

Model GL-R: Y = Wy, + Woy, + €,
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where E(e) =0, W = (W; W,) and

() [ B e X,
Y2 By

With this reparameterization, note that

XX 0 XY
W'W = and W'Y =
0 X5(I - Px,)Xs XL(I-Px,)Y
so that
;}7 — (W/W)—IW/Y _ (X/1X1)_1X/1Y _ '/7\’1
{XH(I — Px,) Xy} ' X5(I — Px,)Y Yo

In this reparameterization, Wy can be thought of as the “residual” from regressing (each

column of) Xy on Xj. A further calculation shows that

Bs Y2

. 3 5, — (X'X,)"'X'X,3
ﬁ:(X'X)_lX'Y: /;‘\1 71 ( 1 1) 1 X208,

where note that (X(X;) X)X, is the estimate obtained from “regressing” X, on Xj.
Furthermore, the estimate 4, can be thought of as the estimate obtained from regressing

Y on WQ = (I — PX1>X2.

APPLICATION: Consider the two part full-rank regression model Y = X3, +X23,+E€,
where E(e) = 0. Suppose that Xy = x5 is n X 1 and that B, = (55 is a scalar. Consider

two different models:

Reduced model: Y =X,08, +€

Full model: Y = Xl,Bl + Xgﬁg + €.

We use the term “reduced model” since C(X;) C C(Xj,x2). Consider the full model
Y = X8, + x202 + € and premultiply by I — Px, to obtain

I-Px,)Y = (I-Px,)Xi8; +b(I—-Px,)x;+ (I-Px,)e

= bQ(I — le)Xg + 6*7
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where €* = (I — Px, )e. Now, note that
(I-Px,)Y =Y — Px,Y =&y,

say, are the residuals from regressing Y on X;. Similarly, (I — Px,)xy = €,x, are the

residuals from regressing x, on X;. We thus have the following induced linear model
ey|x, = beex,x, + €,

where E(e*) = 0. The plot of €y|x, versus ey,x, is called an added-variable plot (or
partial regression) plot. It displays the relationship between Y and xs, after adjusting

for the effects of X; being in the model.

e If a linear trend exists in this plot, this suggests that x5 enters into the (full) model

linearly. This plot can also be useful for detecting outliers and high leverage points.

e On the down side, added-variable plots only look at one predictor at a time so one
can not assess multicolinearity; that is, if the predictor xs is “close” to C(Xjy), this

may not be detected in the plot.

e The slope of the least squares regression line for the added variable plot is

By = [{(I-Px,)x} I~ Px,)x] {1~ Px,)x} (I~ Px,)Y
= {x}(I - Px,)x} 'x,(I - Px,)Y.

This is equal to the least squares estimate of 5 in the full model.

3.4 Forcing least squares solutions using linear constraints

REVIEW: Consider our general linear model Y = X3 + €, where E(€) = 0, and X is

an n X p matrix with rank r. The normal equations are X'X3 = X'Y.

e If r = p, then a unique least squares solution exists; i.e., B = (X'X)"'X'Y.

e If r < p, then a least squares solution is 3 = (X'X)~X"Y. This solution is not

unique; its value depends on which generalized inverse (X'X)~ is used.
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Example 3.5. Consider the one-way fixed effects ANOVA model Y;; = p + o; + €5, for

i=1,2,..,aand j =1,2,...,n;, where E(e;) = 0. The normal equations are

nomy Ny e Ng T >0 Y
ny nq o --- 0 aq Zj }/1]'

X./X_/B = N9 0 o) PPN O Qg = Z] YVZ‘] — X,Y,
ng 0 0 -+ n, g > Y

J

or, written another way,

n,u+2n,-ai = Y..
i=1

nipn + niag = Y, 1=12 .. a,

where Y = > . Yy, fori=1,2,..,a, and Yy = ;> Vi;. This set of equations has no
unique solution. However, from our discussion on generalized inverses (and consideration

of this model), we know that

e if we set u = 0, then we get the solution =0 and a; = Y,, fori =1,2,...;a.

e if we set >.¢  m;a; = 0, then we get the solution i = Y, and @; = Y,y — Y,

fori=1,2,...,a.

e if we set another nonestimable function equal to 0, we’ll get a different solution to

the normal equations.

REMARK : Equations like 1 = 0 and )¢, n;a; = 0 are used to “force” a particular so-
lution to the normal equations and are called side conditions. Different side conditions
produce different least squares solutions. We know that in the one-way ANOVA model,
the parameters p and «y, for i = 1,2, ...,a, are not estimable (individually). Imposing
side conditions does not change this. My feeling is that when we attach side conditions to
force a unique solution, we are doing nothing more than solving a mathematical problem
that isn’t relevant. After all, estimable functions A’3 have least squares estimates that
do not depend on which side condition was used, and these are the only functions we

should ever be concerned with.
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REMARK: We have seen similar results for the two-way crossed ANOVA model. In
general, what and how many conditions should we use to “force” a particular solution to
the normal equations? Mathematically, we are interested in imposing additional linear

restrictions of the form CB = 0 where the matrix C does not depend on Y.

TERMINOLOGY: We say that the system of equations Ax = q is compatible if
cA=0=cq=0;ie,ceN(A)= cq=0.

Result 3.6. The system Ax = q is consistent if and only if it is compatible.

Proof. If Ax = q is consistent, then Ax* = q, for some x*. Hence, for any ¢ such that
c’A =0, we have ¢/q = ¢/Ax* = 0, so Ax = q is compatible. If Ax = q is compatible,
then for any ¢ € N(A’) = C(I — Pa), we have 0 = ¢/q = d'c = ¢'(I — Pa)z, for all
z. Successively taking z to be the standard unit vectors, we have '(I — PAo) = 0 =
(I—Pa)g=0= q=A(A’A)"A'q = q = Ax*, where x* = (A’A)"A’q. Thus,

Ax = q is consistent. [

AUGMENTED NORMAL EQUATIONS: We now consider adjoining the set of equations

C3 = 0 to the normal equations; that is, we consider the new set of equations

X'X XY
C 0
These are called the augmented normal equations. When we add the constraint

C3 = 0, we want these equations to be consistent for all Y. We now would like to find

a sufficient condition for consistency. Suppose that w € R(X'X) NR(C). Note that

w € R(X'X) = w=X'Xvy, for some v,

w € R(C) = w = —C'vy, for some vy.
Thus, 0 =w —w = X'Xv; + C'vy

— 0=VvX'X +V,C

o xx X'X
= 0= (v} Vvy) =v ,
C C
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where v/ = (v} v4). We want C chosen so that

X'X X'Y
B
C 0

is consistent, or equivalently from Result 3.6, is compatible. Compatibility occurs when

\4 XX =0=V XY =0
C 0

Thus, we need v{ XY = 0, for all Y. Successively taking Y to be standard unit vectors,
for i =1,2,...,n, convinces us that v/{X' =0 <= Xv; =0 <= X'Xv; =0= w = 0.
Thus, the augmented normal equations are consistent when R(X'X)NR(C) = {0}. Since
R(X'X) = R(X), a sufficient condition for consistency is R(X) N R(C) = {0}. Now,
consider the parametric function A’Cg3, for some A. We know that A'C@3 is estimable if
and only if N'C € R(X). However, clearly A'C € R(C). Thus, A'Cg is estimable if and

only if NC@B = 0. In other words, writing

the set of functions {c|3,c,03,...,c.3} is jointly nonestimable. Therefore, we can set
a collection of jointly nonestimable functions equal to zero and augment the normal

equations so that they remain consistent. We get a unique solution if

X’'X
r =p.
C
Because R(X'X) N R(C) = {0},
X'X
p=r =r(X'X) +r(C) =r+r(C),
C

showing that we need r(C) =s=p —r.
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SUMMARY : To augment the normal equations, we can find a set of s jointly nonestimable
functions {c|3, c,0, ..., c.B} with

Then,
X'X XY
B
C 0

is consistent and has a unique solution. [J
Example 3.5 (continued). Consider the one-way fixed effects ANOVA model
Yij = p+ i + €5,

fori=1,2,...,aand j =1,2,...,n;, where E(¢;) = 0. The normal equations are

no ng Mg -+ MNg H Zz Zj Yi;
ny Ny 0o --- 0 g Zj Yij
X_,X/B — N9 O Ng -+ O Q9 = Z] }/’2] — X/Y
ng 0 0 -+ n, Qg > Yaj

We know that r(X) = r = a < p (this system can not be solved uniquely) and that

s=p—r=(a+1)—a=1. Thus, to augment the normal equations, we need to find

s =1 (jointly) nonestimable function. Take ¢} = (1,0,0,...,0), which produces

7l
g
c’lﬁ:(100-~-0) Qo

Qg
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For this choice of ¢;, the augmented normal equations are

n Ny Nz -+ Ng > Zj Y
7]
ny nq 0o --- 0 Zj }/lj
g
X/X o 0 Ng -+ -+ 0 Zj ng X/Y
B={ . . a | = . =
C1 oo - ) : 0
Ng 0 0 e Ng ’ Z] }/a4
Qg
1 0 0 --- 0 0

Solving this (now full rank) system produces the unique solution

po= 0

ai - YZ'+ i:1,2,...,a.

You’ll note that this choice of ¢; used to augment the normal equations corresponds to
specifying the side condition p = 0. [J
EXERCISE. Redo this example using (a) the side condition Y 7  n;o; = 0, (b) the side

condition «, = 0 (what SAS does), and (c¢) using another side condition.
Example 3.6. Consider the two-way fixed effects (crossed) ANOVA model
Yij = p+a;+ B + €,

for i =1,2,...,a and j = 1,2,...,b, where E(¢;;) = 0. For purposes of illustration, let’s

takea=b=3,sothat n=ab=9and p=a+ b+ 1= 7. In matrix form, X and 3 are

1100100
1100010 m
1100001 o
1010100 s

Xox7=]1 1010010 and  Brg = | a3
1010001 By
1001100 By
1001010 Bs
1001001

PAGE 51



CHAPTER 3

STAT 714, J. TEBBS

We see that 7(X) =r =5 so that s = p —r =7 — 5 = 2. The normal equations are

933333 3 [ >3V
3300111 o >,V
3030111 s >, Yo
XXB=[30031191 as >,V | =XY
3111300 5 S Y
3111030 B > i Yo
311100 3 B > Y

This system does not have a unique solution. To augment the normal equations, we will

need a set of s = 2 linearly independent jointly nonestimable functions. From Section

3.2.2, one example of such a set is {d_; o, >, 8;}. For this choice, our matrix C is

C:

/
¢

!
G

Thus, the augmented normal equations become

0111000
000O01T1T1

9 3 3333 3 > Y
3300111 L > Y
303 0111 aq ijéj
X 3003111 g e oy
C 0
3111030 A > Yio
3111003 B > Yis
0111000 Bs 0
0000111 0

Solving this system produces the “estimates” of p, o; and 3; under the side conditions

> =) ;Bj=0. These “estimates” are

ﬁ = ?-H-
(/)é\i - ?i+ - 7++, Z - 1,273
53’ = ?+j —?++7 J=123.
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EXERCISE. Redo this example using (a) the side conditions o, = 0 and f, = 0 (what

SAS does) and (b) using another set of side conditions.

QUESTION: In general, can we give a mathematical form for the particular solution?

Note that we are now solving

X'X XY

which is equivalent to
X'X XY
B
c'C 0

since CB = 0 iff C'C3 = 0. Thus, any solution to this system must also satisfy
(X'X+C'C)B=X"Y.

But,

/ !/ / / X X
r(X'X+CC)=r (X C) c =r c =p,

that is, X’X + C’C is nonsingular. Hence, the unique solution to the augmented normal

equations must be

B=(XX+CC) XY

So, imposing s = p — r conditions C3 = 0, where the elements of C3 are jointly non-
estimable, yields a particular solution to the normal equations. Finally, note that by

Result 2.5 (notes),

X8 = X(X'X+CC)'' XY
= PxY,
which shows that
Px = X(X'X + C’C)_lX’

is the perpendicular projection matrix onto C(X). This shows that (X'X + C'C)~!

(non-singular) generalized inverse of X'X.
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4 The Gauss-Markov Model

Complementary reading from Monahan: Chapter 4 (except Section 4.7).

4.1 Introduction

REVIEW:: Consider the general linear model Y = X3 + €, where E(€) = 0.

e A linear estimator ¢(Y) = ¢+ a’Y is said to be unbiased for A'3 if and only if
E{t(Y)} =XNB,
for all 3. We have seen this implies that ¢ = 0 and X" € R(X); i.e., '3 is estimable.

e When X3 is estimable, it is possible to find several estimators that are unbiased for
A'B. For example, in the one-way (fixed effects) ANOVA model Vi; = pu+ o; + €,
with E(e;;) = 0, Y11, (Y11 + Y12)/2, and Y, are each unbiased estimators of
N B = p+ «ay (there are others too).

e If \'3 is estimable, then the (ordinary) least squares estimator X,CA‘L where Z‘] is any
solution to the normal equations X’X3 = X'Y, is unbiased for X’3. To see this,
recall that

NGB =N(X'X)"X'Y = a'PxY,
where X' = a’X, for some a, that is, A’ € R(X), and Px is the perpendicular

projection matrix onto C(X). Thus,
E(NB) = E(@PxY) = aPxE(Y) = a'PxX3 = a’X8 = X 3.
GOAL: Among all linear unbiased estimators for X’'3, we want to find the “best” linear
unbiased estimator in the sense that it has the smallest variance. We will show that
the least squares estimator XB is the best linear unbiased estimator (BLUE) of '3,
provided that X’'@3 is estimable and cov(e) = 1.
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4.2 The Gauss-Markov Theorem

Result 4.1. Consider the Gauss-Markov model Y = X3 + €, where E(e) = 0 and
cov(e) = o?1. Suppose that A'B is estimable and let B denote any solution to the normal
equations X'X3 = X'Y. The (ordinary) least squares estimator A’ B is the best linear
unbiased estimator (BLUE) of A'3, that is, the variance of '3 is uniformly less than
that of any other linear unbiased estimator of X'3.

Proof. Suppose that 0 = ¢+ a'Y is another linear unbiased estimator of NB. From
Result 3.1, we know that ¢ = 0 and that X = a’X. Thus, 6 = a'Y, where X' = a’X.
Now, write 8 = X3 + (5— XB). Note that

-~

var(f) = var[NB+ (6 — XNB)]
= var(N'B) + var(d — N'B) +2cov(NB, 0 — N'3).
>0

We now show that cov(XB, — XB) = 0. Recalling that X'8 = a’PxY, we have

cov( N3, 0 — XB) = cov(a’PxY,aY —a'PxY)
= cov[a’PxY,a (I- Px)Y]
= a'Pxcov(Y,Y)[a'(I-Px)]
= o’ IaPx(I—Px)a=0,

since Px(I—Px) = 0. Thus, Val"(é\) > Var(XB), showing that )\’B has variance no larger
than that of §. Equality results when var(g— XB) = 0. However, if V&I‘(é\— XB) =0,
then because E(é\— XB) =0 as well, 0 — XB is a degenerate random variable at 0; i.e.,

pr(@z XB) = 1. This establishes uniqueness. [

MULTIVARIATE CASE: Suppose that we wish to estimate simultaneously k estimable
linear functions
B

AB = )‘?ﬁ

Y

W0
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where A; = a/X, for some a;; i.e., X, € R(X), for i = 1,2,....,k. We say that A'B is
estimable if and only if A)3, i = 1,2, ..., k, are each estimable. Put another way, A’'3 is

estimable if and only if A’ = A’X, for some matrix A.

Result 4.2. Consider the Gauss-Markov model Y = X3 + €, where E(e) = 0 and
cov(e) = o?1. Suppose that A’B3 is any k-dimensional estimable vector and that c+A'Y is
any vector of linear unbiased estimators of the elements of A’3. Let B denote any solution
to the normal equations. Then, the matrix cov(c + A'Y) — cov(A'B) is nonnegative
definite.

Proof. Tt suffices to show that x[cov(c + A’Y) — cov(A’B)]x > 0, for all x. Note that

x'[cov(c + A'Y) — cov(A'B)]x = x'cov(c+ A'Y)x — x'cov(A'B)x
= var(x'c + X'A’Y) — var(x'A'B3).
But x’A’B = x’ A’X3 (a scalar) is estimable since X’ A’X € R(X). Also, xX'c +x'A'Y =

x'(c+A’Y) is a linear unbiased estimator of x’A’3. The least squares estimator of x’A’3

is x’A’B. Thus, by Result 4.1, var(x'c + xX’A'Y) — Var(x’A',B\) >0. O

OBSERVATION: Consider the Gauss-Markov linear model Y = X3+¢€, where E(e) =0
and cov(e) = o?1. If X is full rank, then X’X is nonsingular and every linear combination
of X'B is estimable. The (ordinary) least squares estimator of 3 is B = (X'X)"IX'Y. It

is unbiased and

cov(B) = cov[(X'X)'X'Y] = (X'X) ' X'cov(Y)[(X'X) ' X
= (X'X) X'’ IX(X'X) ™ = o2(X'X) .

Note that this is not correct if X is less than full rank.
Example 4.1. Recall the simple linear regression model
Y = Bo + Bz + €,

for i = 1,2,...,n, where €1, €9, ..., €, are uncorrelated random variables with mean 0 and

common variance o2 > 0 (these are the Gauss Markov assumptions). Recall that, in
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matrix notation,

Y, I x €1

Y- 1 =z €

Y g 2 s X_ _— .2 s ﬁ g 50 s E = 2
B

Y, 1 z, €n

The least squares estimator of 3 is

~ ﬁo ? — 01X
— X/X 71X_,Y = e
A= XX) 3 = (-3 (YY)
1 (127§)2

The covariance matrix of 3 is

1 z2 =
~ 1y _ B _
cox(B) = (X1 =t |+ ST “TE

D SHETEE > oi(wi—x)2

4.3 Estimation of 02 in the GM model

REVIEW: : Consider the Gauss-Markov model Y = X3+€, where E(€) = 0 and cov(e) =
o2I. The best linear unbiased estimator (BLUE) for any estimable function '3 is X',
where B is any solution to the normal equations. Clearly, F(Y) = X3 is estimable and

the BLUE of E(Y) is
X8 = X(X'X)'X'Y =PxY =Y,

the perpendicular projection of Y onto C(X); that is, the fitted values from the least

squares fit. The residuals are given by
e=Y-Y=Y-PxY=(-Px)Y,

the perpendicular projection of Y onto A(X’). Recall that the residual sum of squares
1S
Q(B) = (Y —XB)(Y —XB) =&¢ = Y'(I- Px)Y.

We now turn our attention to estimating o.
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Result 4.3. Suppose that Z is a random vector with mean F(Z) = p and covariance

matrix cov(Z) = X. Let A be nonrandom. Then
E(Z'AZ) = ' Ap +tr(AY).

Proof. Note that Z'AZ is a scalar random variable; hence, Z'AZ = tr(Z'AZ). Also, recall
that expectation E(-) and tr(-) are linear operators. Finally, recall that tr(AB) = tr(BA)

for conformable A and B. Now,

E(Z'AZ) = E[tr(Z'AZ)] = E[tr(AZZ')]
— tr[AE(ZZ))]
= trlA(Z+ pp)]
= tr(AX) + tr(Apy)

= tr(AX) +tr(Ap) =tr(AX) + p'Ap. O

REMARK: Finding var(Z'AZ) is more difficult; see Section 4.9 in Monahan. Consider-

able simplification results when Z follows a multivariate normal distribution.

APPLICATION: We now find an unbiased estimator of 02 under the GM model. Suppose
that Y is n x 1 and X is n x p with rank r < p. Note that E(Y) = X3. Applying Result
4.3 directly with A =1 — Px, we have

ElY'I-Px)Y] = (XB)(I~-Px)XB+tr((I - Px)o’]]

= o?[tr(I) — tr(Px)]

= o*[n—r(Px)] =c*(n—7r).

Thus,
?=n-r)""Y'I-Px)Y

is an unbiased estimator of o2 in the GM model. In non-matrix notation,

i=1

where }//\; is the least squares fitted value of Y;.
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ANOVA: Consider the Gauss-Markov model Y = X3 + €, where F(€) = 0 and cov(e) =
o?I. Suppose that Y is n x 1 and X is n x p with rank r < p. Recall from Chapter 2
the basic form of an ANOVA table (with corrected sums of squares):

Source df SS MS F
Model (Corrected) r—1 SSR=Y'(Px —P;)Y MSR = ESTTT I = ﬁ—gg
Residual n—r SSE=Y'(I-Px)Y MSE = SS_E

Total (Corrected) n—1 SST=Y'(I-P,)Y

NOTES:

e The degrees of freedom associated with each SS is the rank of its appropriate

perpendicular projection matrix; that is, r(Px —P;) =r—1land r(I-Px) = n—r.

e Note that

A~

cov(Y,€) = cov[PxY, (I - Px)Y] = Pxo’I(I — Px) = 0.
That is, the least squares fitted values are uncorrelated with the residuals.

e We have just shown that E(MSE) = ¢2. If X3 ¢ C(1), that is, the independent

variables in X add to the model (beyond an intercept, for example), then

B(SSR) = E[Y'(Px — P1)Y] = (XB)(Px — P1)X8 + tr[(Px — P1)o’]
= (XB)XB+o’r(Px — Py)
= (XB)XB+ (r—1)o>.

Thus,
E(MSR) = (r — 1) 'E(SSR) = o* + (r — 1) 1(XB)'XS.

e If X3 € C(1), that is, the independent variables in X add nothing to the model,
then (X3) (Px — P1)X3 = 0 and MSR and MSE are both unbiased estimators
of o2 If this is true, F should be close to 1. Large values of ' occur when
(XB) (Px — P1)X(3 is large, that is, when X3 is “far away” from C(1), that is,

when the independent variables in X are more relevant in explaining F(Y).
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4.4 Implications of model selection

REMARK : Consider the linear model Y = X3+ €, where Y isn x 1 and X is n X p with
rank 7 < p. We now investigate two issues: underfitting (model misspecification) and
overfitting. We assume that E(€) = 0 and cov(€) = 0?1, that is, our usual Gauss-Markov

assumptions.

4.4.1 Underfitting (Misspecification)

UNDERFITTING: Suppose that, in truth, the “correct” model for Y is
Y =XB+ W9 +e,

where E(€) = 0 and cov(e) = o*I. The vector n = W4 includes the variables and
coefficients missing from X3. If the analyst uses Y = X3 + € to describe the data,
s/he is missing important variables that are in W, that is, the analyst is misspecifying
the true model by underfitting. We now examine the effect of underfitting on (a) least

squares estimates of estimable functions and (b) the estimate of the error variance o2

CONSEQUENCES: Suppose that A'3 is estimable under Y = X3 + €, where F(e) =0
and cov(€e) = o’I; i.e., X' = a’X, for some vector a. The least squares estimator of A'3

is given by N3 = N(X'X)"X'Y. If Wé§ = 0, then Y = X3 + € is the correct model

and E(N'B) = X'3. If W4é # 0, then, under the correct model,

~

ENB) = ENXX)XY] = NXX)"X'E(Y)
= N(X'X)"X'(X3+ W)
= aX(X'X)"X'X3 + a'X(X'X)"X'W
= a'PxXp3 +a'PxWé
= NGB+ a'PxW3J,
showing that XB is no longer unbiased, in general. The amount of the bias depends on

where W4 is. If n = W is orthogonal to C(X), then PxW4§ = 0 and the estimation of
N3 with X3 is unaffected. Otherwise, Px W& # 0 and the estimate of X'3 is biased.

PAGE 60



CHAPTER 4 STAT 714, J. TEBBS

CONSEQUENCES: Now, let’s turn to the estimation of ¢?. Under the correct model,
EYI-Px)Y] = (XB+Wd)'(I-Px)(XB+ Wé)+tr[(I - Px)o1]
= (W) (I —-Px)Wéd +c%(n—r),
where r = r(X). Thus,
E(MSE) = 0 + (n — )" (Wé)'(I - Px)W3J,

that is, 2 = MSE is unbiased if and only if W§ € C(X).

4.4.2 Overfitting

OVERFITTING: Suppose that, in truth, the correct model for Y is
Y =X, +¢€,
where F(€) = 0 and cov(e) = 01, but, instead, we fit
Y =X,8, + X208, + €

that is, the extra variables in X, are not needed; i.e., B8, = 0. Set X = [X; X;] and
suppose that X and Xj have full column rank (i.e., a regression setting). The least

squares estimator of 8, under the true model is B, = (X;X;)"'X/Y. We know that

E(Bl) = :31
C0V<B1) = (X X))

On the other hand, the normal equations associated with the larger (unnecessarily large)

model are

X'XB=XY XX XX B _ [ XY
XoXi X5Xo Bs X5Y
and the least squares estimator of 3 is
—1

~ B, X/ X, XX, XY
By X5X; X5X, XyY
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The least squares estimator B is still unbiased in the unnecessarily large model, that is,

E(:Bl) = 51
E(IBQ) = 0.

Thus, we assess the impact of overfitting by looking at COV(BI). Under the unnecessarily

large model,
cov(B,) = o*(X| X)) ! + 0 (X[ X)X X [XG(1 - Px, ) Xo] ' X5X0 (X X) 7

see Exercise A.72 (pp 268) in Monahan. Thus,

-~

cov(By) — cov(B) = o (X; X)X X, [X5(I — Py, ) Xo] ' X5X0 (X X) 7L

e If the columns of X, are each orthogonal to C(X;), then X| X, = 0 and

XX — XX XX, _ X'/ X; 0
X5X: X4Xo 0 X5Xo
i.e., X’X is block diagonal, and Bl = (X,X;)"'X,Y = B,. This would mean that
using the unnecessarily large model has no effect on our estimate of 3,. However,

the precision with which we can estimate o is affected since r(I-Px) < r(I-Px,);

that is, we have fewer residual degrees of freedom.
e If the columns of X, are not all orthogonal to C(X;), then
COV(BI) # o?(X) X))

Furthermore, as Xo gets “closer” to C(Xy), then X,%(I — Px,)X, gets “smaller.”
This makes [X,(I — Px,)Xs]™! “larger.” This makes cov(,/[;l) “larger.”

e Multicollinearity occurs when X5 is “close” to C(X;). Severe multicollinearity
can greatly inflate the variances of the least squares estimates. In turn, this can
have a deleterious effect on inference (e.g., confidence intervals too wide, hypothesis
tests with no power, predicted values with little precision, etc.). Various diagnostic
measures exist to assess multicollinearity (e.g., VIFs, condition numbers, etc.); see

the discussion in Monahan, pp 80-82.

PAGE 62



CHAPTER 4 STAT 714, J. TEBBS

4.5 The Aitken model and generalized least squares

TERMINOLOGY : The general linear model
Y = X3 + ¢,

where E(€) = 0 and cov(e) = 0%V, V known, is called the Aitken model. Tt is
more flexible than the Guass-Markov (GM) model, because the analyst can incorporate
different correlation structures with the observed responses. The GM model is a special

case of the Aitken model with V =1, that is, where responses are uncorrelated.

REMARK : In practice, V is rarely known; rather, it must be estimated. We will discuss
this later. We assume that V is positive definite (pd), and, hence nonsingular, for reasons

that will soon be obvious. Generalizations are possible; see Christensen (Chapter 10).

RECALL: Because V is symmetric, we can write V in its Spectral Decomposition; i.e.,

VvV =QDQ,

where Q is orthogonal and D is the diagonal matrix consisting of A\, Ao, ..., A,,, the eigen-
values of V. Because V is pd, we know that \; > 0, for each i = 1,2, ..., n. The symmetric
square root of V is

V1/2 _ QDl/le,

where D2 = diag(v/A1, VA2, ..., V). Note that VI/2V¥/2 = V and that V7! =
V-12V-1/2 where
V—1/2 _ QDfl/ZQI

and D2 = diag(1/v 1, 1/vV A2, ..., 1/V ).

TRANSFORMATION: Consider the Aitken model Y = X3 + €, where E(e) = 0 and
cov(€) = 0¥V, where V is known. Premultiplying by V=2, we get
V—1/2Y — V_l/QX/B + V_1/2€

— Y'=UB+¢€,
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where Y* = V712Y, U = V12X, and € = V2¢. It is easy to show that Y* =
UB + €* is now a GM model. To see this, note that

E(e") =V 2E(e) =V 20 =0

and

cov(e’) =V 2cov(e) V12 = V1252 v V12 = 521,

Note also that R(X) = R(U), because V~/2 is nonsingular. This means that X'3 is
estimable in the Aitken model if and only if A3 is estimable in the transformed GM

model. The covariance structure on € does not affect estimability.

AITKEN EQUATIONS': In the transformed model, the normal equations are
U'ug=uUY"
However, note that
UUB =UY" «— (VIZX)V12Xg=(V12X)V12Yy
— XV I'Xg=XV'Y
in the Aitken model. The equations
X'V IXg=XV'y
are called the Aitken equations. These should be compared with the normal equations
X'X3=XY

in the GM model. In general, we will denote by BGLS and BOLS the solutions to the Aitken
and normal equations, respectively. “GLS” stands for generalized least squares. “OLS”

stands for ordinary least squares.

GENERALIZED LEAST SQUARES: Any solution BGLS to the Aitken equations is called
a generalized least squares (GLS) estimator of 3. It is not necessarily unique (unless

X is full rank). The solution ,@GLS minimizes

Q" (B) = (Y -UB)(Y'-UB) = (Y - XB)V (Y - XB).
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When X is full rank, the unique GLS estimator is

Bows = (X'VIX)'X'VY,
When X is not full rank, a GLS estimator is

Bows = (X'VIX)"X'VY.
NOTE: If V is diagonal; i.e., V = diag(vy, ve, ..., v,), then

Q" (B) = (Y - XB)V (Y - XB) = sz - x/68)%,

where w; = 1/v; and x! is the ith row of X. In this situation, BGLS is called the weighted

least squares estimator.

Result 4.4. Consider the Aitken model Y = X3+¢, where E(€) = 0 and cov(e) = 0>V,
where V is known. If X'3 is estimable, then '3, is the BLUE for X'3.

Proof. Applying the Gauss-Markov Theorem to the transformed model Y* = U3 + €*,
the GLS estimator A3, is the BLUE of X'3 among all linear unbiased estimators

involving Y* = V~Y/2Y. However, any linear estimator in Y can be obtained from Y*

because V~1/2 is invertible. Thus, X' B, is the BLUE. O

REMARK: If X is full rank, then estimability concerns vanish (as in the GM model) and
BGLS = (X'V7IX)"IX'V~Y is unique. In this case, straightforward calculations show
that E(,@GLS) = 3 and

COV(BGLS) =?(X'VIX)!
Example 4.2. Heteroscedastic regression through the origin. Consider the regression
model Y; = Bz; + ¢, for i = 1,2, ....n, where E(¢;) = 0, var(e;) = 02¢*(w;), for some real
function g(-), and cov(e;, €;) = 0, for ¢ # j. For this model,

Y, T1 92($1) 0 0

Y- 0 2 0
v — 2 X — T2 Cand V= 9°(z2)

Y, Tn 0 0 g*(z,)

PAGE 65



CHAPTER 4 STAT 714, J. TEBBS

The OLS estimator of 8 = (3 is given by

7) -1 Z?: z;Y;
Pos = (X)X = S =5

The GLS estimator of B = [ is given by

- o i 2iYi/ g (x:)
= (X'VIX)"IX'VY = Ziz 1Y =
Bars ( ) Z?:l l’?/g2 (-Tz)

Which one is better? Both of these estimators are unbiased, so we turn to the variances.

Straightforward calculations show that

. 2y 20900
Var(ﬁoLs) = d (Zzznl x;g)gxl)
=11

0.2

2 w7 /g ()

Var(B\GLS)

We are thus left to compare

nop2e2(p 1
Zz:l xlg (Qf) Wlth

(Z?:l x?)Q Z?:1 xf/gg(xz)

Write 27 = w;v;, where u; = z;9(z;) and v; = z;/g(x;). Applying Cauchy-Schwartz’s

inequality, we get

(;ﬁ) - (Z“i”") <D wtd vl =) alg’(w) )_al/g(w).

i=1

3
3
3
3

Thus,
1 < Z?:l x?gQ(:Ci)
Yo v /g3 () ~ (>ims xlz)2

This result should not be surprising; after all, we know that BGLS is BLUE. UJ

- Var(B\GLS) < Var(B\OLS>'

Result 4.5. An estimate ,@ is a generalized least squares estimate if and only if XB =
AY, where A = X(X'V71X)"X'V~1

Proof. The GLS estimate; i.e., the OLS estimate in the transformed model Y* = U3+€*,
where Y* = V-12Y, U = V712X, and €* = V~1/2¢, satisfies

V_1/2X[(V_1/2X)/V_1/2X]_ (V—1/2x)lv—1/2Y — V_l/QXB,

by Result 2.5. Multiplying through by V'/? and simplifying gives the result. OJ
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Result 4.6. A = X(X'V~!X)"X'V~! is a projection matrix onto C(X).
Proof. We need to show that

(a) A is idempotent
(b) Aw € C(X), for any w
(¢) Az =z, for all z € C(X).
The perpendicular projection matrix onto C(V~1/2X) is
VIIEX (VXY VIEX] (VXY
which implies that
VIEX[(VIEX)Y VX (VXY VPR = VX

This can also be written as

V12AX = V712X,
Premultiplying by V/2 gives AX = X. Thus,
AA = AX(X'VIX) X'V =X(X'V X)XV ' = A,

showing that A is idempotent. To show (b), note Aw = X(X'V1X)"X'V~lw € C(X).
To show (c), it suffices to show C(A) = C(X). But, A = X(X'VI1X)"X'V~! implies
that C(A) € C(X) and AX = X implies that C(X) C C(A). O

Result 4.7. In the Aitken model, if C(VX) C C(X), then the GLS and OLS estimates
will be equal; i.e., OLS estimates will be BLUE in the Aitken model.

Proof. The proof proceeds by showing that A = X(X'V~1X)~ X'V~ is the perpendicular
projection matrix onto C(X) when C(VX) C C(X). We already know that A is a
projection matrix onto C(X). Thus, all we have to show is that if w LC(X), then Aw = 0.
If V is nonsingular, then r(VX) = r(X). The only way this and C(VX) C C(X) holds
is if C(VX) = C(X), in which case VXB; = X and VX = XB,, for some matrices
B, and B,. Multiplying through by V=! gives XB; = V!X and X = V~!XB,.
Thus, C(V™'X) = C(X) and C(V7!'X)*+ = C(X)*. If wlC(X), then w1C(V'X); ie.,
w € N(X'V71). Since Aw = X(X'VIX)"'X'V~lw = 0, we are done. []

PAGE 67



CHAPTER 5 STAT 714, J. TEBBS

5 Distributional Theory

Complementary reading from Monahan: Chapter 5.

5.1 Introduction

PREVIEW : Consider the Gauss-Markov linear model Y = X3+ €, where Y isn x 1, X
is an n x p with rank r < p, Bis p x 1, and € is n x 1 with E(e) = 0 and cov(e) = oI
In addition to the first two moment assumptions, it is common to assume that € follows
a multivariate normal distribution. This additional assumption allows us to formally
pursue various questions dealing with inference. In addition to the multivariate normal

distribution, we will also examine noncentral distributions and quadratic forms.

RECALL: If Z ~ N (0, 1), then the probability density function (pdf) of Z is given by

R

The N (p, 0?) family is a location-scale family generated by the standard density fz(z).
TERMINOLOGY : The collection of pdfs

£8(f) = {fx<-m,a> fxlalno) = 1, (%“) HER, o> o}

is a location-scale family generated by f(z); see Casella and Berger, Chapter 3. That
is, if Z ~ fz(z), then

o

X =0Z+p~ fx(zluo) =§fz ("’”‘“).

APPLICATION: With the standard normal density fz(z), it is easy to see that

1 xr — 1
fx(z|p,0) = ;fz ( M) = el “)QI(x ER).

o 2ro

That is, any normal random variable X ~ N(u,c?) may be obtained by transforming

Z ~N(0,1) via X =0Z + p.
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5.2 Multivariate normal distribution
5.2.1 Probability density function

STARTING POINT: Suppose that Z, Z, ..., Z, are iid standard normal random vari-
ables. The joint pdf of Z = (23, Z,, ..., Z,)" is given by

p

fa(z) = [ /2(z)

i=1

1\ o apr
— - _Zizlzi/Ql |_’[( ER)
e zZ
\/2%) '

i=1

= (2m) "% exp(—2'2/2)I(z € RP).

If Z has pdf fz(z), we say that Z has a standard multivariate normal distribution;

i.e., a multivariate normal distribution with mean 0,y; and covariance matrix I,. We

write Z ~ N,(0,1).

MULTIVARIATE NORMAL DISTRIBUTION: Suppose that Z ~ N,(0,I). Suppose
that V is symmetric and positive definite (and, hence, nonsingular) and let V'/2 be the

symmetric square root of V. Define the transformation
Y = VY2Z 4+ p,
where Y and p are both p x 1. Note that
E(Y) = E(V'Z + ) = p,
since E£(Z) = 0, and
cov(Y) = cov(VV?Z + p) = VVcov(Z) V2 =V,

since cov(Z) = I. The transformation y = g(z) = V/2z+p is linear in z (and hence, one-
to-one) and the pdf of Y can be found using a transformation. The inverse transformation

is z= g '(y) = V'V/2(y — ). The Jacobian of the inverse transformation is

g (y) 1
99 )| _ /2
’ Iy V2
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where |A| denotes the determinant of A. The matrix V~/2 is pd; thus, its determinant

is always positive. Thus, for y € R?,

Fy) = falg )}V
= V72 f{V 2y — )}
= @m) V[P exp[—{VT 2 (y — )} VT (y — ) /2]
= @m) PRV exp{~(y — )V (y — p)/2}.
IfY ~ fy(y), we say that Y has a multivariate normal distribution with mean p

and covariance matrix V. We write Y ~ N, (u, V).

IMPORTANT" In the preceding derivation, we assumed V to be pd (hence, nonsingular).
If V is singular, then the distribution of Y is concentrated in a subspace of RP, with

dimension r(V). In this situation, the density function of Y does not exist.

5.2.2 Moment generating functions

REVIEW : Suppose that X is a random variable with cumulative distribution function
Fx(z) = P(X <z). If B("X) < o for all |t| < 4§, 3§ > 0, then

Mx(t) = E(e'*) = /RemdFX(:p)

is defined for all ¢ in an open neighborhood about zero. The function M () is called the

moment generating function (mgf) of X.

Result 5.1.

1. If Mx(t) exists, then F(]X|?) < oo, for all 7 > 1, that is, the moment generating

function characterizes an infinite set of moments.
2. Mx(0) = 1.

3. The jth moment of X is given by

O M (t)

B(X7) = 50

t=0
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4. Uniqueness. If X; ~ Mx, (t), Xo ~ Mx,(t), and Mx, (t) = Mx,(t) for all ¢ in an

open neighborhood about zero, then Fy, (x) = Fx,(x) for all z.

5. If X1, Xs, ..., X,, are independent random variables with mgfs My, (¢),i=1,2,...,n,
and Y =ag + Y, a;X;, then

My (t) = eaot H ]\IX2 (azt)
i=1

Result 5.2.
1. If X ~ N(u,0?), then Mx(t) = exp(ut + t?0?/2), for all t € R.

2. If X ~ N(p,0%), then Y = a + bX ~ N(a+ bu, b*c?).

3. If X ~ N(,0%), then Z = L(X — ) ~ N(0,1).

TERMINOLOGY : Define the random vector X = (X, Xo, ..., X,) and let t = (¢4, s, ..., 1,)".

The moment generating function for X is given by

Mx(t) = F{exp(t'X)} = . exp(t'x)dFx(x),

provided that E{exp(t'X)} < oo, for all ||t|| < 4, 3§ > 0.

Result 5.3.
1. If Mx(t) exists, then Mx,(t;) = Mx(t}), where tf = (0,...,0,%;,0,...,0)". This
implies that E(|X;]) < oo, for all j > 1.

2. The expected value of X is

OMx (t)
E(X
t=0
3. The p x p second moment matrix
0? Mx (t)
EXX") = —=——=
( ) atot’
t=0
Thus,
0? Mx (t)
EF(X, X)) = ————=
( ) ot, t,
tr=ts=0
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4. Uniqueness. If X; and Xy are random vectors with Mx, (t) = Mx,(t) for all t in

an open neighborhood about zero, then Fx,(x) = Fx,(x) for all x.

5. If X4, Xy, ..., X, are independent random vectors, and

Y = o + Z AZX“
i=1
for conformable ag and A;; i =1,2,...,n, then

My (t) = exp(ajt) | | Mx, (Alt).
i=1
6. Let X = (X, X}, ..., X! )" and suppose that Mx(t) exists. Let Mx,(t;) denote the
mgf of X;. Then, Xy, X, ..., X,,, are independent if and only if
Mx(t) = [ [ Mx, (t:)
i=1

for all t = (t7,t5,...,t/ ) in an open neighborhood about zero.

Result 5.4. If Y ~ N, (i, V), then My (t) = exp(t'pn + t'Vt/2).

Proof. Exercise.

5.2.3 Properties

Result 5.5. Let Y ~ N, (i, V). Let abe p x 1, b be k x 1, and A be k x p. Then
1. X =a’Y ~N(a'u,a'Va).

2. X = AY +b ~ N;(Ap +b, AVA').

Result 5.6. If Y ~ N, (i, V), then any r x 1 subvector of Y has an r-variate normal
distribution with the same means, variances, and covariances as the original distribution.

Proof. Partition Y = (Y{,Y}), where Y; is r x 1. Partition g = (), pb)" and

Vll V12
V21 V22

V =
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accordingly. Define A = (I, 0), where 0 is 7 x (p—r). Since Y; = AY is a linear function
of Y, it is normally distributed. Since Ay = pu, and AVA’' = Vy;, we are done. [J

COROLLARY: It Y ~ N,(u, V), then Y; ~ N (;, 02), for i = 1,2,..., p.

WARNING: Joint normality implies marginal normality. That is, if Y; and Y, are
jointly normal, then they are marginally normal. However, if Y; and Y, are marginally

normal, this does not necessarily mean that they are jointly normal.
APPLICATION: Consider the general linear model
Y =X3 +e¢€,

where € ~ N,(0,0%I). Note that F(Y) = X3 and that V = cov(Y) = ¢?1. Fur-
thermore, because Y is a linear combination of €, it is also normally distributed;
e, Y ~ N,(XB,0%). With Px = X(X'X)"X/, we know that Y = PxY and
e=(I-Px)Y. Now,

E(Y)=EPxY)=PxE(Y) =PxX8=Xg

and

cov(Y) = cov(PxY) = Pxcov(Y)Py = 0?PxIPx = 0?Px,

since Px is symmetric and idempotent. Also, Y = PxY is a linear combination of Y,

so it also has normal distribution. Putting everything together, we have
Y ~ N, (XB,07Px).

EXERCISE: Show that € ~ A,,{0,0%(I — Px)}.

5.2.4 Less-than-full-rank normal distributions

TERMINOLOGY: The random vector Y,x1 ~ N,(p, V) is said to have a p-variate
normal distribution with rank & if Y has the same distribution as p,.; + F;X w L1

where I'T' =V, (V) =k < p, and Z ~ N,(0,1).
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Example 5.1. Suppose that k =1, Z; ~ N(0,1), and Y = (Y7, Y3)’, where

0 7
Y — " 71 7, = 7141 ’
0 V2 Y224
where = (v1,72) and r = 1. dince r = 1, this means that at least one of v an
h I’ (fy % )’ d (1") 1. Si (I‘) 1, thi h 1 fy d

79 is not equal to zero. Without loss, take v; # 0, in which case

Y, = V..
T
Note that E(Y) =0 = (0,0)" and
222 ZQ 2
cov(Y) = E(YY)y=pg{ [ 0 e b R pp vy,
nRZi 14 N %

Note that |[V]| = 0. Thus, Yay; is a random vector with all of its probability mass located
in the linear subspace {(y1,42) : y2 = Yoy1/71}. Since (V) =1 < 2, Y does not have a

density function. [J

5.2.5 Independence results

Result 5.7. Suppose that Y ~ N (u, V), where

Y, 1231 Vi Vi -+ Vi,

Y A% A% - Vo,
Y = _2 , M= H_Q , and V = _21 .22 2

Ym I'l'm le Vm2 T me

Then, Y1,Yo,..., Y, are jointly independent if and only if V;; = 0, for all 7 # j.

Proof. Sufficiency (=): Suppose Y1,Ys,..., Y, are jointly independent. For all i # j,
Vi = E{(Yi—p)(Y;— I‘l’j),}
= E(Yi— p)E{(Y; — )} =0.

Necessity (<=): Suppose that V;; = 0 for all ¢ # j, and let t = (t],t},...,t],)". Note
that

tVE =) tVit, and tp=> tiu,
=1 =1
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Thus,
My (t) = exp(t'nw+t'Vt/2)

= exp (Z tip; + Z t;Vm'ti/2>
i=1 i=1
= []exp(tim; + t;Viiti/2) = [ [ My, (t:). O
i=1 =1

Result 5.8. Suppose that X ~ N (u,X), and let Y; = a; + B;X and Yy = ay + BoX,
for nonrandom conformable a; and B;; ¢ = 1,2. Then, Y; and Y, are independent if
and only if B;3XB, = 0.
Proof. Write Y = (Y1,Y2) as

Y, ay B,
= + X =a+ BX.
Y2 A BQ
Thus, Y is a linear combination of X; hence, Y follows a multivariate normal distribution

(i.e., Y; and Y, are jointly normal). Also, cov(Y,Y2) = cov(B;X,ByX) = B, XB),.
Now simply apply Result 5.7. [J

REMARK: If Xy ~ N(puy,21), Xo ~ N(py, 2), and cov(Xy, Xy) = 0, this does not
necessarily mean that X; and X, are independent! We need X = (X7, X})’ to be jointly

normal.

APPLICATION: Consider the general linear model
Y =XB+e¢,

where € ~ N,,(0,0°I). We have already seen that Y ~ N, (X3, 0%I). Also, note that
with Px = X(X'X)~X/,
Y P
_ X Y,
e I-Px
a linear combination of Y. Thus, Y and @ are jointly normal. By the last result, we

know that Y and @ are independent since

A~

COV(Y,E) = anzl(l — Px)/ =0.
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That is, the fitted values and residuals from the least-squares fit are independent. This
explains why residual plots that display nonrandom patterns are consistent with a vio-

lation of our model assumptions.

5.2.6 Conditional distributions

RECALL: Suppose that (X,Y)" ~ N3(p, X), where

o3 ox0O
n= fx and X = X poxoy
My pPoxOy 032/

and p = corr(X,Y). The conditional distribution of Y, given X, is also normally dis-

tributed, more precisely,
YH{X =a} ~ N {ny + ploy/ox)(x — px), 03 (1 = p*) }.

It is important to see that the conditional mean E(Y|X = x) is a linear function of z.

Note also that the conditional variance var(Y|X = z) is free of x.

EXTENSION: We wish to extend the previous result to random vectors. In particular,
suppose that X and Y are jointly multivariate normal with 3 xy # 0. That is, suppose

X N_/\/' Hx 7 EX EYX 7
Y Mty EXY EY

and assume that ¥y is nonsingular. The conditional distribution of Y given X is
Y{X =x} ~ N(pyx, yix),
where

My x = My + By xTx'(x — px)

and

Yy x = Xy — nyz}lzxy-

Again, the conditional mean py|x is a linear function of x and the conditional covariance

matrix Xy x is free of x.

PAGE 76



CHAPTER 5 STAT 714, J. TEBBS

5.3 Noncentral y? distribution

RECALL: Suppose that U ~ x2; that is, U has a (central) x? distribution with n > 0

degrees of freedom. The pdf of U is given by

1

-1 _—u/2
—F(§)2”/ZUZ e I(u>0).

fu(uln) =
The x2 family of distributions is a gamma(a, 3) subfamily with shape parameter o = n/2
and scale parameter 3 = 2. Note that E(U) = n, var(U) = 2n, and My (t) = (1—2t)™/2
fort < 1/2.

RECALL: If Zy, Zs, ..., Z, are iid N'(0,1), then U; = Z? ~ x? and

7'7 = izf ~ 2.

=1

Proof. Exercise.

TERMINOLOGY: A univariate random variable V is said to have a noncentral y?
distribution with degrees of freedom n > 0 and noncentrality parameter A > 0 if it has

the pdf

. (e AN 1 2 g
frlvln, A) = Z < J! > F(ﬂ)?(n+2j)/2v > e (v > 0).
: 2

J=0

J/

o (vln+27)
We write V'~ x2(\). When A\ = 0, the x2()\) distribution reduces to the central x?
distribution. In the x2()\) pdf, notice that e=*\7/;j! is the jth term of a Poisson pmf with

parameter A > 0.

Result 5.9. If V|W ~ x2_,,, and W ~ Poisson()), then V ~ x2(\).
Proof. Note that

fv(v) = ZfV,W(Uaj)
= wa(j)fVIW(v|j)

e N 1 nt2j 4
= - —’U/Q
2 ( 5! ) r(m2 ezt I(v>0).0

j=0
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Result 5.10. If V ~ x2()), then

2tA

M(t) = (120 e ().

for t <1/2.
Proof. The mgf of V, by definition, is My (t) = E(e!). Using an iterated expectation,

we can write, for t < 1/2,
My(t) = E(e") = E{E(e" W)},

where W ~ Poisson(\). Note that E(e!"'|W) is the conditional mgf of V', given W. We
know that VW ~ x2 .y thus, E(e!V|W) = (1 —2¢t)~("F2W)/2 and

E{E(V|W)} = f:(l—zt)‘(”””/2 ("W)

|
j=0 J:
_ e N _
= e M1-21) ﬂzﬁ(l—%) J
7=0
o (Z3)’
. - —n/2 —2t
= eM1—20)") i
j=0

MEAN AND VARIANCE: If V ~ x2()\), then
E(V)=n+2X and var(V)=2n+ 8\

Result 5.11. If Y ~ N (g, 1), then U = Y? ~ x?()\), where A\ = p?/2.
Outline of the proof. The proof proceeds by finding the mgf of U and showing that it

equals

2t
— . —n/2
My (t) = (1 —2t) exp <1 — Qt) :

with n =1 and A\ = p?/2. Note that

Le—%(y—u)zdy

My(t) = E(eV) = E(e™) = /R etv’ Vo
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Now, combine the exponents in the integrand, square out the (y — u)? term, combine like
terms, complete the square, and collapse the expression to (1 —2t)~/2exp{u?t/(1 —2t)}

times some normal density that is integrated over R. [J

Result 5.12. If Uy, Us, ..., Uy, are independent random variables, where U; ~ x2 (\;);
i=1,2,..,m, then U =>,U; ~ x2(\), where n = >_.n; and A =), \..

Result 5.13. Suppose that V ~ x2()\). For fixed n and ¢ > 0, the quantity Py\(V > ¢)
is a strictly increasing function of .

Proof. See Monahan, pp 106-108. [

IMPLICATION: It V; ~ x2()\1) and Vo ~ x2(\3), where Xy > Ay, then pr(Va > ¢) >
pr(V4 > ¢). That is, V5 is (strictly) stochastically greater than V;, written V, > V4.
Note that

‘/2 >st Vl — FV2(U) < FVI(U) — SV2</U) > SVI(U)?

for all v, where Fy,(-) denotes the cdf of V; and Sy, (-) = 1 — Fy,(+) denotes the survivor

function of V.

5.4 Noncentral F' distribution

RECALL: A univariate random variable W is said to have a (central) F' distribution with

degrees of freedom n; > 0 and ny, > 0 if it has the pdf

F(n1+n2) <ﬂ>n1/2 w(n172)/2

2 ng

fw(w|ny, ng) = I(w > 0).

n2

Der(g) (14 me) "

We write W ~ F),, ,,. The moment generating function for the F' distribution does not

exist in closed form.

RECALL: If U; and U, are independent central y? random variables with degrees of
freedom n; and ne, respectively, then

Ul/nl

W: ~Y
Ug/ng

F”17n2 .
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TERMINOLOGY : A univariate random variable W is said to have a noncentral F
distribution with degrees of freedom n; > 0 and ny > 0 and noncentrality parameter

A > 0 if it has the pdf

(n1+2j-2)/2

n1+2j+ng ) <n1+2j

> G_A)\j F< 2 no
fw(w|ni, ng, A) = Z ( 3 ) .
=N S ey (14 me

(n1+25)/2
) w

)(n1+2j+n2)/2 I(w > 0).

We write W ~ F,, ,,(A). When A\ = 0, the noncentral F' distribution reduces to the

central I’ distribution.

MEAN AND VARIANCE: If W ~ F, ,..()), then
%) 2\
E = 14+ —
(W) Ny — 2 ( + nl)

2n3 { (nq +2X)? L + 4)\}
ni(ny —2) L (ng—2)(ng—4) ny—4 J°

E(W) exists only when ny > 2 and var(W) exists only when ny > 4. The moment

and

var(W) =

generating function for the noncentral F' distribution does not exist in closed form.

Result 5.14. If U; and U, are independent random variables with U; ~ x2 (\) and

Us ~ x2,, then

o Ul/nl

W = ~
Ug/ng

Fn17n2 (>\>

Proof. See Searle, pp 51-52.

Result 5.15. Suppose that W ~ F,, ,,()\). For fixed ny, ny, and ¢ > 0, the quantity
P\(W > c¢) is a strictly increasing function of A. That is, if Wi ~ F, ,,(A1) and
Wy ~ Fyy ny(A2), where Ay > Ay, then pr(Ws > ¢) > pr(W; > ¢); ie., Wy >¢ Wh.

REMARK: The fact that the noncentral F' distribution tends to be larger than the
central F' distribution is the basis for many of the tests used in linear models. Typically,
test statistics are used that have a central F' distribution if the null hypothesis is true
and a noncentral F' distribution if the null hypothesis is not true. Since the noncentral

F' distribution tends to be larger, large values of the test statistic are consistent with
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the alternative hypothesis. Thus, the form of an appropriate rejection region is to reject
H, for large values of the test statistic. The power is simply the probability of rejection
region (defined under Hy) when the probability distribution is noncentral F'. Noncentral

F distributions are available in most software packages.

5.5 Distributions of quadratic forms

GOAL: We would like to find the distribution of Y'AY, where Y ~ AN,(u, V). We will
obtain this distribution by taking steps. Result 5.16 is a very small step. Result 5.17 is
a large step, and Result 5.18 is the finish line. There is no harm in assuming that A is

symmetric.
Result 5.16. Suppose that Y ~ N, (p,I) and define
p
W=YY=YIY =) ¥
i=1
Result 5.11 says Y2 ~ x3(u?/2), for i = 1,2,...,p. Thus, from Result 5.12,
p
Y'Y =) VP~ pn/2).
i=1
LEMMA: The p x p symmetric matrix A is idempotent of rank s if and only if there
exists a p X s matrix Py such that (a) A = P,P] and (b) P{P; =I,.
Proof. (<=) Suppose that A = P;P and P{P; = I,. Clearly, A is symmetric. Also,

A2 - P1P/1P1P/1 = P1P/1 - A

Note also that r(A) = tr(A) = tr(P1P}) = tr(PPy) = tr(I;) = s. Now, to go the other
way (=), suppose that A is a symmetric, idempotent matrix of rank s. The spectral
decomposition of A is given by A = QDQ’, where D = diag(\1, A2, ..., ;) and Q is
orthogonal. Since A is idempotent, we know that s of the eigenvalues Aj, Ag, ..., A, are

equal to 1 and other p — s eigenvalues are equal to 0. Thus, we can write

B . I, O P B ,
A - QDQ - P1 PQ , - P1P1.
00 P,
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Thus, we have shown that (a) holds. To show that (b) holds, note that because Q is

orthogonal,

P
P,

—_~

P'P, P'P
IP:Q/Q: <P1 P2>: s v

P.P, P.,P,
It is easy to convince yourself that P|P; is an identity matrix. Its dimension is s X s

because tr(P|P;) = tr(P1P}) = tr(A) = r(A), which equals s by assumption. [J

Result 5.17. Suppose that Y ~ N, (i, I). If A is idempotent of rank s, then Y'AY ~
x2(\), where A = 1p/Ap.

Proof. Suppose that Y ~ A,(u,I) and that A is idempotent of rank s. By the last
lemma, we know that A = PP}, where P, is p x s, and P|P; = I,. Thus,

Y'AY = Y'P,P)Y = X'X,

where X = P/Y. Since Y ~ N, (p,I), and since X = P/Y is a linear combination of Y,
we know that

Result 5.16 says that Y/AY = X'X ~ x2{(Piw) (Piu)/2}. But,
1

1 1
(Pip)Pip = Sp'PiPip = cp'Ap. U

A==
2 2

Result 5.18. Suppose that Y ~ N,(p, V), where (V) = p. If AV is idempotent of
rank s, then Y/AY ~ x2()\), where A = sp/Ap.
Proof. Since Y ~ N,(p, V), and since X = V~1/2Y is a linear combination of Y, we
know that

X ~ Ny (VT2 VIRV VTY2) 0 N(V2 1),
Now,

Y'AY = X'VI/2AVY/2X = X'BX,

where B = VI/2AV!/2. Recall that V'/2 is the symmetric square root of V. From Result
5.17, we know that Y'AY = X’BX ~ x%()\) if B is idempotent of rank s. However, note

that
r(B) = r(VY2AVY2) = r(A) = r(AV) = s,
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since AV has rank s (by assumption) and V and V'/2 are both nonsingular. Also, AV

is idempotent by assumption so that

AV =AVAV = A =AVA
= V1/2Avl/2 _ V1/2Avl/2vl/2Avl/2

= B =BB.

Thus, B is idempotent of rank s. This implies that Y/AY = X’BX ~ x?()\). Noting
that
1 1

1
A\ = §<V_1/2[1,)/B(V_1/2M) _ §M,V_1/2V1/2AV1/2V_1/2/J, _ éllllA“

completes the argument. [
Example 5.2. Suppose that Y = (Y1, Ys,....Y,)) ~ N, (ul,0°T), so that p = pul and

V = 0%I, where 1 is n x 1 and I is n x n. The statistic

(n—1)8=) (¥;-Y)*=Y'(I-n"'J)Y = Y'AY,

i=1
where A =1 — n~1'J. Thus, consider the quantity

(n—1)52

- =Y'BY,

o

where B =07?A =06 2(I—n"'J). Note that BV =0 2(I-n"'J)o’ I=1—-n"'J = A,

which is idempotent with rank
r(BV)=tr(BV)=tr(A)=tr(I—-n"'J)=n—-n"‘n=n—1.
Result 5.18 says that (n — 1)5%/0? = Y'BY ~ x2_,()), where A = $u/Bpu. However,
1 / 1 /=2 -1
A=gpuBp=g(pl)o(I-n"J)ul =0,

since 1 € C(1) and I — n~1J is the ppm onto C(1)*. Thus,

(n—1)52

——=YBY ~ ) |,

o

a central y? distribution with n — 1 degrees of freedom. [J
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Example 5.3. Consider the general linear model
Y =X +¢€,

where X is n x p with rank r < p and € ~ N,(0,0°I). Let Px = X(X'X)~X’ denote the
perpendicular projection matrix onto C(X). We know that Y ~ N,,(X3, 0°I). Consider

the (uncorrected) partitioning of the sums of squares given by
Y'Y = Y'PxY + Y'(I- Px)Y.
e We first consider the residual sum of squares Y'(I — Px)Y. Dividing this quantity
by o2, we get
Y'(I-Px)Y/o? = Y'{o2(I- Px)}Y = Y'AY,
where A = 07%(I — Px). With V = ¢?I, note that
AV =071 - Px)o’I =1 — Px,
an idempotent matrix with rank
rI—-Px)=tr(I—-Px)=tr(I) —tr(Px) =tr(I) — r(Px) =n —r,

since r(Px) = r(X) = r, by assumption. Result 5.18 says that

Y/(1 - Px)Y/o* = YAY ~ 2, (),
where A = %,u/ A p. However,

A= i Ap= S(XB)o (I - Px)XB =0,

because X3 € C(X) and I — Px projects onto the orthogonal complement N (X’).
Thus, we have shown that Y'(I — Px)Y/o? ~ x2_,, a central x? distribution with

n — r degrees of freedom.

e Now, we turn our attention to the (uncorrected) model sum of squares Y'PxY.

Dividing this quantity by o2, we get

Y'PxY/o? =Y'(c7*Px)Y = Y'BY,
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where B = 07 2Px. With V = ¢2I, note that
BV =0 ?Pxo’l = Px,
an idempotent matrix with rank 7(Px) = 7(X) = r. Result 5.18 says that
Y'PxY/o? = Y'BY ~ *()\),

where A = %M/BM- Note that

A= %M’Bu = %(Xﬁ)’a‘2PxXﬂ = (XB)XB/20.

That is, Y'PxY /0? has a noncentral x? distribution with r degrees of freedom and

noncentrality parameter A = (X3)'X3/202.

In the last calculation, note that A = (X3)'X3/20% = 0 iff X3 = 0. In this case, both
quadratic forms Y'(I — Px)Y /o? and Y'PxY /o? have central x? distributions. [J

5.6 Independence of quadratic forms

GOALS: In this subsection, we consider two problems. With Y ~ N (i, V), we would

like to establish sufficient conditions for

(a) Y'AY and BY to be independent, and

(b) Y'AY and Y'BY to be independent.

Result 5.19. Suppose that Y ~ AN,(u, V). If BVA = 0, then Y'AY and BY are
independent.
Proof. We may assume that A is symmetric. Write A = QDQ’, where D =
diag(A1, A2, ..., Ap) and Q is orthogonal. We know that s < p of the eigenvalues
A1; Az, ..., Ap are nonzero where s = r(A). We can thus write

D, O P

A-QpQ - (P, P, ) ' | =PDP;,
0 0 P/
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where Dy = diag(A1, Ag, ..., As). Thus,
Y'AY = Y'P,D,P)Y = X'D; X,
where X = P]Y. Notice that

BY B Bpu BVB' BVP,
_ Y ~ N ,
X 24 P\u P/VB' P/VP,

Suppose that BVA = 0. Then,

0 = BVA = BVP,D,P| = BVP,D,P | P;.

But, because Q is orthogonal,
P}
Py
This implies that PP, = I, and, thus,

0 - BVPlDlP/lPl = BVP1D1 = BVPIDIDII - BVP1

Therefore, cov(BY, X) = 0, that is, X and BY are independent. But, Y'AY = X'D;X,
a function of X. Thus, Y/AY and BY are independent as well. [J]

Example 5.4. Suppose that Y = (Y1, Y3, ..., Y,,) ~ N, (1, 0%T), where 1 is n X 1 and T

is n x n, so that g = 1 and V = ¢?I. Recall that
(n—1)S*=Y'I1-n"1J)Y = YAY,

where A =1 —n"1J. Also,
Y =n"'1"Y = BY,

where B = n~!1’. These two statistics are independent because
BVA =n 1011 -n" 1)) =o*n'1'0I-n"1J) =0,

because I — n~1J is the ppm onto C(1)*. Since functions of independent statistics are

also independent, Y and S? are also independent. [
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Result 5.20. Suppose that Y ~ A, (p, V). If BVA = 0, then Y'AY and Y'BY are
independent.

Proof. Write A and B in their spectral decompositions; that is, write

D, 0 P

A — PDP' — ( P, P, ) - P,D,P},
0 0 P,
where Dy = diag(Aq, Ag, ..., Ag) and s = r(A). Similarly, write
R, O Q]
B=QRQ'=(Q Q) '] =amra;,
0 0 Q;

where Ry = diag(v1, 79, ..., %) and t = r(B). Since P and Q are orthogonal, this implies
that P1Py = I and Q}Q; = I;. Suppose that BVA = 0. Then,

0=BVA = QR,Q,VP,D,P,
= Q/1Q1R1QI1VP1D1P11P1
= R,Q;VP,D,
= R;'R,Q,VP,D,D;*
= Q/1VP1
= cov(QY,PYY).
Now,
P v o N Piu | P, VP, 0
Qi 1M 0 QVQ
That is, P|Y and Q)Y are jointly normal and uncorrelated; thus, they are independent.
So are Y'P;DP{Y and Y'Q:R;Q}Y. But A = P,D,P] and B = Q;R;Q)], so we are
done. [

Example 5.5. Consider the general linear model
Y = X3 + ¢,

where X is n X p with rank r < p and € ~ N, (0,0%I). Let Px = X(X'X)~X' denote
the perpendicular projection matrix onto C(X). We know that Y ~ N,(X3,0%I). In
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Example 5.3, we showed that
Y'(I-Px)Y/o" ~ x5,

and that
Y'PxY/o? ~ x;()N),

where A = (X3)'X3/202. Note that
Y'(I-Px)Y/o? =Y {0 ?1-Px)}Y = Y'AY,
where A = 07%(I — Px). Also,
Y'PxY/o? = Y'(c"2Px)Y = Y'BY,
where B = 07 2Px. Applying Result 5.20, we have
BVA = ¢ ?Pxo’lo *(I1 - Px) = 0,

that is, Y/(I — Px)Y/o? and Y'PxY /o? are independent quadratic forms. Thus, the

statistic

Y'PxY/r
YI-Px)Y/(n—r)
o 2Y'PxY/r

= I P Y =) T {XBIXB/2

a noncentral F' distribution with degrees of freedom r (numerator) and n — r (denomi-

nator) and noncentrality parameter A = (X3)'X3/202.
OBSERVATIONS:
e Note that if X3 = 0, then F' ~ F,,_, since the noncentrality parameter A = 0.

e On the other hand, as the length of X3 gets larger, so does . This shifts the
noncentral F,,, . {(X3)X3/20?} distribution to the right, because the noncentral

I distribution is stochastically increasing in its noncentrality parameter.

e Therefore, large values of F' are consistent with large values of ||X/3]|.
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5.7 Cochran’s Theorem

REMARK: An important general notion in linear models is that sums of squares like
Y'PxY and Y'Y can be “broken down” into sums of squares of smaller pieces. We now

discuss Cochran’s Theorem (Result 5.21), which serves to explain why this is possible.

Result 5.21. Suppose that Y ~ AN, (u,0°T). Suppose that Aj, Ay, ..., Ay are n X n
symmetric and idempotent matrices, where r(A;) = s;, for i = 1,2,....k. If A; + Ay +
<o+ Ay = I, then YA Y /0% Y'AyY /0?, ..., Y'A,Y /o? follow independent x2 ();)
distributions, where \; = p/A;p/20?, for i = 1,2, ..., k, and Zle 8; = n.

Outline of proof. If A; + A+ ---+ Ay =1, then A; idempotent implies that both (a)
AA; =0, for i # j, and (b) & | s; = n hold. That Y'A;Y /0% ~ x2(\;) follows from
Result 5.18 with V = ¢?I. Because A;A; = 0, Result 5.20 with V = ¢*I guarantees
that Y'A;Y /0% and Y'A;Y /o? are independent. [

IMPORTANCE: We now show how Cochran’s Threorem can be used to deduce the joint
distribution of the sums of squares in an analysis of variance. Suppose that we partition

the design matrix X and the parameter vector 3 in Y = X3+ € into k£ + 1 parts, so that

Bo

Y = (Xo Xy -+ Xp) ﬁfl :

Br

where the dimensions of X; and 3, are n X p; and p; x 1, respectively, and Zf:o Pi = P.

We can now write this as a k + 1 part model (the full model):
Y = X8, + X8, + -+ X0, + €
Now consider fitting each of the k submodels
Y = XiB8,+¢€

Y = X8;+ X8, +€

Y = X8y + X8+ -+ X181 T €,
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and let R(B,, 3, ..., 3;) denote the regression (model) sum of squares from fitting the
ith submodel, for i = 0,1, ..., k; that is,

R(By, By, - B:) = Y'(XeXy - X;) [(XoXp - Xp) (XoXy - X)) (XoXy - X;)'Y
~ Y'PxY,

where

Px; = (XoX -+ Xy) [(XoXy -+ X) (XX -+ X)) (XX -+ X,

is the perpendicular projection matrix onto C(X?), where X} = (XX, ---X;) and i =
0,1,..., k. Clearly,
C(X{) CC(X]) C--- CC(X;_;) CC(X).

We can now partition the total sums of squares as

YY = R(IBO) + [R(/govﬁl) - R(Bo)] + [R(BOHBDBQ) - R(ﬂ0751)] +
+ [R(ﬁ()’ﬁl7 718k') - R(BOaﬁl? "‘7/8k—1)] + [Y/Y - R(/B()w@h aﬁkz)]
= YA)Y+YAY+YAY+ - +YAY+YALY,

where

Ak+1 - I - PX

Note that Ag+ A;+As+---+ A1 = L. Note also that the A; matrices are symmetric,
fori=0,1,....,k + 1, and that

A} = (Px; —Px: )(Px: —Px: )

1
= P%. —Px- —Px- +P2%.
X3 i1 i1 X5 1

= Px: —Px: =A;

1

fort=1,2,..., k, since Px:Px: =Px: and Px: Px: =Px: . Thus, A, is idempo-
tent for i = 1,2, ..., k. However, clearly Ag = Px: = Xo(XXo)"Xj and Ay =1-Px
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are also idempotent. Let

So — T(Ao) = T’(Xo)
S; — T(AZ) = t’l“(Al) = tr(PXf) — tr(PXLJ = T(PXT) — T(ij,l% 1= 1, 2, ceey kﬁ,
Skr1 =1r(Agr1) = n—r(X).

It is easy to see that Zfiol s; = n.

APPLICATION: Consider the Gauss-Markov model Y = X3 + €, where € ~ N,,(0, 0*I)
so that Y ~ N, (X3, 0%I). Cochran’s Theorem applies and we have

1
EY’AOY ~ X2 [ = (XB)'AcX3/207]

1
—2Y/A,LY ~ ng[)\z = (Xﬁ)/AZXﬁ/20'2], 1= 1, 2, ceey ]{Z,
o

1 1

;Y’AkHY = ;Y’(I -Px)Y ~ X,

where s;,; = n — r(X). Note that the last quadratic follows a central x? distribution
because A1 = (XB)'(I-Px)XB3/20% = 0. Cochran’s Theorem also guarantees that the
quadratic forms Y'AgY /o2, Y'A Y /0%, ..., Y'ALY /0%, Y'Ar 1Y /o? are independent.

ANOVA TABLE: The quadratic forms Y'A,Y, for i = 0,1, ...,k + 1, and the degrees of
freedom s; = r(A;) are often presented in the following ANOVA table:

Source df SS Noncentrality
,60 S0 R(,@O) /\0 = (XB)IA()X,B/QO'Q
B1 (after By) 51 R(By, B1) — R(By) A = (XB) A1XB/20°

B. (after By, B1) 82 R(By,B1,82) — R(Bo,B1) o= (XB)A2Xp/20°

By (after By, ... Bi_1) sk R(Bos - Br) — R(Bo, - Bec1) M = (XB) AXB/20°
Residual Skl Y'Y — R(By, ---, B) Aer1 =0
Total n Y'Y (XB)'X3/20

Note that if Xy = 1, then 8, = pu, R(B3,) = YP,Y = nY". The R(-) notation

will come in handy when we talk about hypothesis testing later. The sums of squares
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R(By), R(By, B1) — R(By),---» R(By, -, Br) — R(By, --., Bi_1) are called the sequential

sums of squares. These correspond to the Type I sums of squares printed out by SAS

in the ANOVA and GLM procedures. We will also use the notation
R(Bi|Bo, By, -+ Bi—1) = R(Bo, B -+, B;) — R(Bo: Brs -, Biza)-
Example 5.6. Consider the one-way (fixed effects) analysis of variance model
Yij = p+ ai + €,

fori=1,2,...,aand j = 1,2, ..., n;, where ¢;; ~ iid N'(0, ¢?) random variables. In matrix

form, Y, X, and 3 are

12
1/'11 1n1 ]-n1 Onl e O7L1
o
}/12 1n On 1n e On
Yox1 = . ) Xn><p = _2 .2 .2 . ‘2 ) and /6p><1 = Qo )
Yoma ]-na Ona Ona 1nu.
Qg

where p =a+ 1 and n = ), n;. Note that we can write

X = (Xp Xy),
where Xy =1,
1,, 0, --- 0,
0,, 1., --- Oy,
X1 — . 9
0,, O,, 1,,

and B = (8, 3)), where By = p and B, = (ay, g, ...,a,). That is, we can express this
model in the form

Y = X(),BO + Xlﬁl + €.

The submodel is
Y = XOIBO + €,
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where Xy =1 and 3, = . We have

These matrices are clearly symmetric and idempotent. Also, note that
so+s1+se=rP1)+r(Px—P1)+r(I-Px)=14+(a—1)+(n—a)=n

and that Ag + A; + Ay = 1. Therefore, Cochran’s Theorem applies and we have

1
;Y'PlY ~ xi[ho = (XB)P1X3/207]
1

o2

1
SY(I-P)Y ~ X

Y/(Px~P)Y ~ x’,[\ = (XB) (Px — P1)XB/20”]

Cochran’s Theorem also guarantees the quadratic forms Y'P,Y /0% Y'(Px — P1)Y /o?,
and Y'(I - Px)Y /o? are independent. The sums of squares, using our new notation, are
Y'P,Y = R(u)
Y/(PX - PI)Y - R(M? S PRPE Oéa) - R(M) = R(ab ) aa‘IL{/)

YI-Px)Y = Y'Y —R(ai,...a.).

The ANOVA table for this one-way analysis of variance model is

Source df SS Noncentrality
v i R() Ao = (XB)P,X /20"
iy (after ) a—1 R(p,aq,...,aq) — R(u) A = (X8) (Px — P1)XB/20?
Residual n—a Y'Y —R(u,ap,..a) 0
Total n Y'Y (XB)'X3/20

F STATISTIC: Because
1

o2

Y'(Px —P1)Y ~ x2_(\)
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and

1
FYI(I ~Px)Y ~ 2 .,

and because these two quadratic forms are independent, it follows that

_Y'(Px—Py)Y/(a—1)

F=3apov/m—a ~Frrmme)

This is the usual F' statistic to test Hy: a1y = ag = -+ =, = 0.

e If Hy is true, then X3 € C(1) and \; = (X3) (Px —P1)X3/20% = 0 since Px — P,
is the ppm onto C(l)é(x). In this case, F' ~ F,_ 1,4, a central I distribution. A

level « rejection region is therefore RR = {F : F' > F,_1 _qa}-

e If Hy is not true, then X3 ¢ C(1) and \; = (X3)'(Px — P1)X3/20% > 0. In
this case, F' ~ F,_1,_4(A1), which is stochastically larger than the central F,_;,_,

distribution. Therefore, if Hy is not true, we would expect F' to be large.
EXPECTED MEAN SQUARES: We already know that

MSE = (n —a)"'Y'(I-Px)Y

is an unbiased estimator of % i.e., E(MSE) = o2. Recall that if V ~ x2()\), then
E(V) =n+ 2\. Therefore,

E %Y’(PX —P)Y| =(a—1)+ (XB)(Px — P1)X3/0”
and
E(MSR)=E[(a—1)"'Y'(Px —P1)Y] = ¢+ (X8)(Px —P1)XB/(a—1)

= o2+ Zni(ai —a.)?/(a—1),

where a, = a! Z?:l «;. Again, note that if Hy : oy = ag = -+ = a = 0 is true, then
MSR is also an unbiased estimator of o2. Therefore, values of

e Y'(Px —P1)Y/(a—1)
Y(I-Px)Y/(n—a)

should be close to 1 when Hj is true and larger than 1 otherwise.
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6 Statistical Inference

Complementary reading from Monahan: Chapter 6 (and revisit Sections 3.9 and 4.7).

6.1 Estimation

PREVIEW: Consider the general linear model Y = X3 + €, where X is n X p with
rank r < p and € ~ N,(0,0°I). Note that this is the usual Gauss-Markov model with
the additional assumption of normality. With this additional assumption, we can now
rigorously pursue questions that deal with statistical inference. We start by examining

minimum variance unbiased estimation and maximum likelihood estimation.

SUFFICIENCY : Under the assumptions stated above, we know that Y ~ N, (X3, 0°I).
Set @ = (3',0?%). The pdf of Y, for all y € R", is given by

T2 (%) exp{—(y — XB)'(y — XB3)/207}

2022 exp{—y'y /20% + y'XB/0? — (XB)XB/20}

= (2m) "*(0%) " exp{—(XB)XB/20"} exp{—y'y /20" + B'X'y 0"}
= h(y)c(0) exp{w1(0)t1(y) + w2(0)ta(y)},

fx(yl0) = (2m)
= (2m)

where h(y) = (27)2I(y € R"), ¢(0) = (6%)™? exp{—(XB8)'X3/20?%}, and

wi(0) =-1/20  t(y) =Yy

w(0) = B/o? ta(y) = Xy,
that is, Y has pdf in the exponential family (see Casella and Berger, Chapter 3). The
family is full rank (i.e., it is not curved), so we know that T(Y) = (Y'Y,X'Y) is
a complete sufficient statistic for 8. We also know that minimum variance unbiased

estimators (MVUESs) of functions of € are unbiased functions of T(Y).

Result 6.1. Consider the general linear model Y = X3 + €, where X is n X p with rank
r < pand € ~ N, (0,0%I). The MVUE for an estimable function A’3 is given by AB,
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where 3 = (X'X)~X'Y is any solution to the normal equations. The MVUE for o is

MSE = (n—7)'Y'(I-Px)Y
= (n—r)"Y(Y'Y - BXY),

where Px is the perpendicular projection matrix onto C(X).
Proof. Both A’ B and MSE are unbiased estimators of A’3 and o2, respectively. These
estimators are also functions of T(Y) = (Y'Y, X'Y), the complete sufficient statistic.
Thus, each estimator is the MVUE for its expected value. [

MAXIMUM LIKELIHOOD: Consider the general linear model Y = X3 + €, where X is
n x p with rank » < p and € ~ N,,(0,0°I). The likelihood function for 8 = (3',0?)" is

L(Bly) = L(B,0’ly) = (2m) "?(0®) " exp{~(y — XB)'(y — XB)/20°}.

Maximum likelihood estimators for 3 and o2 are found by maximizing

log L(B,0°ly) = — log(2r) — 5 logo” — (y — XB) (y — XB)/20”

with respect to 3 and 2. For every value of o2, maximizing the loglikelihood is the same

as minimizing Q(3) = (y — X3)'(y — X3), that is, the least squares estimator

o~

8= (XX)"X"Y,
is also an MLE. Now substitute (y — XB)’(y — XB) = y'(I - Px)y in for Q(8) and
differentiate with respect to 0. The MLE of o2 is
e =n 'Y (I-Px)Y.

Note that the MLE for o2 is biased. The MLE is rarely used in practice; MSE is the

conventional estimator for 2.

INVARIANCE: Under the normal GM model, the MLE for an estimable function A’3
is A’B, where B is any solution to the normal equations. This is true because of the
invariance property of maximum likelihood estimators (see, e.g., Casella and Berger,

Chapter 7). If A’B is estimable, recall that A’ B is unique even if B is not.
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6.2 Testing models

PREVIEW: We now provide a general discussion on testing reduced versus full models
within a Gauss Markov linear model framework. Assuming normality will allow us to

derive the sampling distribution of the resulting test statistic.

PROBLEM: Consider the linear model
Y =X +e¢€,

where 7(X) = r < p, E(e) = 0, and cov(e) = ¢*I. Note that these are our usual GM
model assumptions. For the purposes of this discussion, we assume that this model (the

full model) is a “correct” model for the data. Consider also the linear model
Y =W~ +e¢€

where E(€) = 0, cov(e) = 0?1 and C(W) C C(X). We call this a reduced model because
the estimation space is smaller than in the full model. Our goal is to test whether or not

the reduced model is also correct.

e [f the reduced model is also correct, there is no reason not to use it. Smaller
models are easier to interpret and fewer degrees of freedom are spent in estimating
o%. Thus, there are practical and statistical advantages to using the reduced model

if it is also correct.

e Hypothesis testing in linear models essentially reduces to putting a constraint on
the estimation space C(X) in the full model. If C(W) = C(X), then the W~ model

is a reparameterization of the X3 model and there is nothing to test.

RECALL: Let Pw and Px denote the perpendicular projection matrices onto C(W) and
C(X), respectively. Because C(W) C C(X), we know that Px — Pw is the ppm onto

GEOMETRY : In a general reduced-versus-full model testing framework, we start by as-
suming the full model Y = X3 + € is essentially “correct” so that E(Y) = X3 € C(X).
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If the reduced model is also correct, then E(Y) = W~ € C(W) C C(X). Geometri-
cally, performing a reduced-versus-full model test therefore requires the analyst to decide
whether E(Y) is more likely to be in C(W) or C(X) — C(W). Under the full model,
our estimate for E(Y) = X@3 is PxY. Under the reduced model, our estimate for
E(Y)=W~is PyY.

e If the reduced model is correct, then PxY and PwY are estimates of the same

thing, and PxY — PwY = (Px — Pw)Y should be small.

e If the reduced model is not correct, then PxY and PwY are estimating different

things, and PxY — PwY = (Px — Pw)Y should be large.

e The decision about reduced model adequacy therefore hinges on assessing whether
(Px — Pw)Y is large or small. Note that (Px — Pw)Y is the perpendicular

projection of Y onto C(W)CL(X).

MOTIVATION: An obvious measure of the size of (Px — Pw)Y is its squared length,
that is,
{(Px — Pw)YVY(Px — Pw)Y = Y'(Px — Pw)Y.

However, the length of (Px — Pw)Y is also related to the sizes of C(X) and C(W). We

therefore adjust for these sizes by using
Y/(PX — Pw)Y/T<PX — Pw>

We now compute the expectation of this quantity when the reduced model is/is not
correct. For notational simplicity, set 7* = r(Px — Pw). When the reduced model is

correct, then
E{Y'(Px — Pw)Y/r"} — ri (WA)(Px — Pw)Wy + tr{(Px — Pw)o’T}]

= rl*{O'QtT(PX — Pw)}

o ]' x 2\ 2
= T*(ra)—a.

This is correct because (Px — Pw)W~ = 0 and tr(Px — Pw) = r(Px — Pw) = r*.

Thus, if the reduced model is correct, Y'(Px — Pw)Y /r* is an unbiased estimator of 2.
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When the reduced model is not correct, then
1
E{Y'(Px —Pw)Y/r*} = o [(XB) (Px — Pw)XB + tr{(Px — Pw)o’T}]

— L{(XB)(Px - Pw)XB+10?)

Thus, if the reduced model is not correct, Y'(Px — Pw)Y /r* is estimating something

2 2

larger than ¢%. Of course, ¢° is unknown, so it must be estimated. Because the full

model is assumed to be correct,
MSE = (n —r)'Y'(I - Px)Y,

the MSE from the full model, is an unbiased estimator of o2.

TEST STATISTIC: To test the reduced model versus the full model, we use

Y/(PX — Pw)Y/T*
MSE '

F=

Using only our GM model assumptions (i.e., not necessarily assuming normality), we can

surmise the following:

e When the reduced model is correct, the numerator and denominator of F' are both

unbiased estimators of o2, so F should be close to 1.

e When the reduced model is not correct, the numerator in F' is estimating something
larger than o2, so F should be larger than 1. Thus, values of F' much larger than

1 are not consistent with the reduced model being correct.

e Values of F' much smaller than 1 may mean something drastically different; see

Christensen (2003).
OBSERVATIONS: In the numerator of F', note that
Y (Px —Pw)Y =YPxY -YPwY=YPx—-P,)Y - Y (Pw —P1)Y,

which is the difference in the regression (model) sum of squares, corrected or uncorrected,

from fitting the two models. Also, the term

r*=r(Px — Pw) =tr(Px — Pw) =tr(Px) — tr(Pw) = r(Px) — r(Pw) = r — 1o,
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say, where 7o = r(Pw) = r(W). Thus, * = r — r¢ is the difference in the ranks of the
X and W matrices. This also equals the difference in the model degrees of freedom from

the two ANOVA tables.

REMARK: You will note that we have formulated a perfectly sensible strategy for testing
reduced versus full models while avoiding the question, “What is the distribution of F'?”
Our entire argument is based on first and second moment assumptions, that is, F(e) =0

and cov(e) = oI, the GM assumptions. We now address the distributional question.

DISTRIBUTION OF F: To derive the sampling distribution of

Y/(PX — Pw)Y/T’*

F=
MSE ’

we require that € ~ N, (0,0%I), from which it follows that Y ~ N, (X3, 0%I). First,
we handle the denominator MSE = Y'(I — Px)Y/(n —r). In Example 5.3 (notes), we
showed that

Y1 Px)Y/o? ~

This distributional result holds regardless of whether or not the reduced model is correct.
Now, we turn our attention to the numerator. Take A = 0~%(Px — Pw) and consider

the quadratic form

Y'AY = Y'(Px — Pw)Y/o?.

With V = ¢2I, the matrix
AV = 0 ?(Px — Pw)c’l = Px — Pw

is idempotent with rank 7(Px — Pw) = r*. Therefore, we know that Y'AY ~ x2.()),

where

1 / 1 /
A=SHAp= QT‘Q(X/B) (Px — Pw)XB.

Now, we make the following observations:

o If the reduced model is correct and X3 € C(W), then (Px — Pw)X3 = 0 because
Px — Pw projects onto C (W)CL(X). This means that the noncentrality parameter

A=0and Y'(Px — Pw)Y/0o? ~ x2, a central x? distribution.
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e If the reduced model is not correct and X8 ¢ C(W), then (Px — Pw)X3 # 0 and
A > 0. In this event, Y'(Px — Pw)Y /0% ~ x%(\), a noncentral y? distribution

with noncentrality parameter \.

e Regardless of whether or not the reduced model is correct, the quadratic forms

Y'(Px — Pw)Y and Y'(I — Px)Y are independent since

(Px — Pw)o’I(I — Px) = 0*(Px — Pw)(I - Px) = 0.

CONCLUSION: Putting this all together, we have that

. Y/(PX — Pw)Y/T* . O'iQY/(PX — Pw)Y/’I"*

F MSE oY (I-Px)Y/(n—7)

~ r*,n—r(A)u

where r* = r — rg and
1
A= T‘Q(Xﬁ)/(Px — Pw)XB.
If the reduced model is correct, that is, if X8 € C(W), then A = 0 and F' ~ F«,_,, a

central F' distribution. Note also that if the reduced model is correct,

n—r

E(F) = ~ 1.

n—r—2"
This reaffirms our (model free) assertion that values of F’ close to 1 are consistent with the
reduced model being correct. Because the noncentral F' family is stochastically increasing

in A, larger values of F' are consistent with the reduced model not being correct.

SUMMARY : Consider the linear model Y = X3 + €, where X is n X p with rank r < p
and € ~ N, (0, 02I), Suppose that we would like to test

Hy: Y =W~y+e
versus

Hi:Y =XB+e,
where C(W) C C(X). An « level rejection region is
RR={F:F > Fopral,

where 7* = r —rg, 79 = r(W), and F-,_,, is the upper a quantile of the F.,_,

distribution.
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Example 6.1. Consider the simple linear regression model
Yi= 0o+ fi(z; —T) + €,

for i = 1,2,...,n, where ¢; ~ iid N'(0,0?). In matrix notation,

Yi 1l z1—7= €1
Y- 1 z9—7 €
N B I T P T (R B B
: : : o5t :
Y, 1 z,—7= €n

where € ~ N,,(0,0°T). Suppose that we would like to test whether the reduced model
Y; = 56o + €,

for : = 1,2,...,n, also holds. In matrix notation, the reduced model can be expressed as

Yi 1 €1
Y5 1 €2

Y = . ) W = . = 17 Y= 507 €= . ’
Y, 1 €n

where € ~ N,(0,0%I) and 1 is an n x 1 vector of ones. Note that C(W) C C(X) with
ro=1,r=2,and r* =r —ryg = 1. When the reduced model is correct,

Y/(PX — Pw)Y/T*

F =
MSE

~ Fl,n727

where MSE is the mean-squared error from the full model. When the reduced model is
not correct, F' ~ Fij ,_5(\), where

1
202

A= (XB) (Px — Pw)XB

n

= B> (21 —1)*/20".

i=1
EXERCISES: (a) Verify that this expression for the noncentrality parameter A is correct.
(b) Suppose that n is even and the values of z; can be selected anywhere in the interval

(dy,dy). How should we choose the z; values to maximize the power of a level a test?
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6.3 Testing linear parametric functions

PROBLEM: Consider our usual Gauss-Markov linear model with normal errors; i.e.,
Y = X3 + €, where X is n x p with rank r < p and € ~ N, (0,0%I). We now consider
the problem of testing
Hy:K'B8=m
Versus

Hy :K'3 #m,

where K is a p X s matrix with r(K) = s and m is s x 1.

Example 6.2. Consider the regression model Y; = Sy + S1x:1 + Boxio + B33 + Patia + €,
for i = 1,2, ...,n. Express each hypothesis in the form Hy : K'3 = m:

1. Hy: 3 =0

2. Hy:B3=04=0

3. Hy: B+ Bs=1,0—fs=—1
4. Hy: By =PBs = Bu.

Example 6.3. Consider the analysis of variance model Y;; = pi+a; +¢;5, fort =1,2,3,4

and j = 1,2,...,n;. Express each hypothesis in the form Hy : K'3 = m:

1. Hy: p+a1 =5, a3 —as =1

2. Hy: a1 — g = avg — oy

3. HoiOél—QZ %(062+063+Oé4>.
TERMINOLOGY : The general linear hypothesis Hy : K'3 = m is said to be testable
iff K has full column rank and each component of K'@3 is estimable. In other words, K'3

contains s linearly independent estimable functions. Otherwise, Hy : K3 = m is said to

be nontestable.
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GOAL: Our goal is to develop a test for Hy : K'3 = m, K'3 estimable, in the Gauss-
Markov model with normal errors. We start by noting that the BLUE of K'A3 is K’B,

where B is a least squares estimator of 3. Also,
KB = K'(X'X) XY,

a linear function of Y, so K’,@ follows an s-variate normal distribution with mean

E(K' B) = K’ and covariance matrix
cov(K'B) = K'cov(B)K = o’K'(X'X) " X'X(X'X) K = ¢’K'(X'X) K = 0°H,
where H = K'(X'X)~K. That is, we have shown K'B ~ N,(K'B,0°H).

NOTE: In the calculation above, note that K'(X'X)~X'X(X'X)"K = K'(X'X) K only

because K’ is estimable; i.e., K/ = A’X for some A. It is also true that H is nonsingular.

LEMMA: If K'B is estimable, then H is nonsingular.

Proof. First note that H is an s x s matrix. We can write
H=K'(X'X)"K = A'PxA = A'PxPxA = A'P\PxA,
since K’ = A’X for some A (this follows since K’3 is estimable). Therefore,
r(H) = r(A’'PxPxA) = r(PxA)
and
s=r(K)=r(X'A) =r(X'PxA) <r(PxA) =r[X(X'X)"X'A] <r(X'A) =s.
Therefore, r(H) = r(PxA) = s, showing that H is nonsingular. [J

IMPLICATION: The lemma above is important, because it convinces us that the distri-

bution of K’ ﬁ is full rank. Subtracting m, we have
K'8—m ~ N,(K'8 — m,s?H).
F STATISTIC: Now, consider the quadratic form

(K'B — m) (o°H) " (K'B — m).
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Note that (¢?H) '0?H = I,, an idempotent matrix with rank s. Therefore,
(KB — m) (o*H) " (KB — m) ~ 2(V).
where the noncentrality parameter
A=~ (K'8—m)H (K'8 — m)
202 '
We have already shown that Y'(I — Px)Y /0% ~ x2_,. Also,
(K'8-m)(c®’H) " (K'8—m) and Y'(I-Px)Y/o>

are independent (verify!). Thus, the ratio

(K'8—m)H '(K'8—m)/s
MSE
(K'8 - m)H Y(K'8 - m)/s
Y'(I-Px)Y/(n—r)
(K'8 — m)'(0®H)"{(K'8 — m)/s

B o 2Y'1-Px)Y/(n—1) Fon-r(3);

F =

where A = (K'8 — m)H (K'8 — m)/202. Note that if Hy : K'3 = m is true, the
noncentrality parameter A = 0 and F' ~ F§ ,_,. Therefore, an « level rejection region for

the test of Hy : K'B = m versus H; : K'3 # m is
RR={F:F>F,, .}

SCALAR CASE: We now consider the special case of testing Hy : K'3 = m when
r(K) = 1, that is, K’ is a scalar estimable function. This function (and hypothesis) is
perhaps more appropriately written as Hy : k’8 = m to emphasize that k is a p x 1 vector
and m is a scalar. Often, k is chosen in a way so that m = 0 (e.g., testing a contrast in
an ANOVA model, etc.). The hypotheses in Example 6.2 (#1) and Example 6.3 (#3)
are of this form. Testing a scalar hypothesis is a mere special case of the general test we
have just derived. However, additional flexibility results in the scalar case; in particular,
we can test for one sided alternatives like Hy : K’3 > m or H; : k'8 < m. We first discuss

one more noncentral distribution.
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TERNINOLOGY : Suppose Z ~ N(u,1) and V ~ x2. If Z and V are independent, then

T— 2
V/k

follows a noncentral ¢ distribution with k& degrees of freedom and noncentrality pa-
rameter p. We write T ~ tx(p). If p = 0, the ¢, (u) distribution reduces to a central ¢
distribution with & degrees of freedom. Note that T' ~ t(p) implies T? ~ Fy (u?/2).

TEST PROCEDURE: Consider the Gauss-Markov linear model with normal errors; i.e.,
Y = X3 + €, where X is n X p with rank r < p and € ~ N, (0, c*I). Suppose that k'3
is estimable; i.e., k' € R(X), and that our goal is to test

Hy:KB=m
versus

Hi:KB#m

or versus a suitable one-sided alternative H,. The BLUE for k'3 is k' B, where B is a
least squares estimator. Straightforward calculations show that
KB —K

B-KB w1
o?k/(X'X)~"k
We know that V' = Y'(I-Px)Y /0% ~ x2_, and that Z and V are independent (verify!).
Thus,

KB~ N{KB,oK(X'X)k} = Z=

- KB-KB)/\/ok(XX)k  KB-KB
VoY I—Px)Y/(n—r) +/MSEK(XX) k
When Hy : k'3 = m is true, the statistic
B k’B —m
V/MSE K'(X'X) k

~ lpp-

Therefore, an « level rejection region, when H; is two sided, is
RR = {T 2T Z tn—'r,oz/?}-

One sided tests use rejection regions that are suitably adjusted. When Hj is not true,

T ~t, .(n), where
kK'B—m
o2k (X'X)"k

This distribution is of interest for power and sample size calculations.

M:
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6.4 Testing models versus testing linear parametric functions

SUMMARY: Under our Gauss Markov linear model Y = X3 + €, where X is n X p
with rank r < p and € ~ N, (0, 0*I), we have presented F statistics to test (a) a reduced
model versus a full model in Section 6.2 and (b) a hypothesis defined by Hy : K'3 = m,
for K'3 estimable, in Section 6.3. In fact, testing models and testing linear parametric
functions essentially is the same thing, as we now demonstrate. For simplicity, we take

m = 0, although the following argument can be generalized.

DISCUSSION: Consider the general linear model Y = X3 + €, where X is n X p with
rank r < p and 3 € RP. Consider the testable hypothesis Hy : K'3 = 0. We can write

this hypothesis in the following way:
Hy:Y=XB+¢€ and K'B=0.

We now find a reduced model that corresponds to this hypothesis. Note that K'3 = 0
holds if and only if B31LC(K). To identify the reduced model, pick a matrix U such that
C(U) = C(K)*. We then have

KB3=0<+= B1C(K) < B3€(C(U) < 3 =1Ux,

for some vector «. Substituting @8 = U~ into the linear model Y = X3 + € gives the
reduced model Y = XU~ + ¢, or letting W = XU, our hypothesis above can be written

Hy: Y =W~ +e,
where C(W) C C(X).

OBSERVATION: When K’ is estimable, that is, when K’ = D’X for some n X s matrix
D, we can find the perpendicular projection matrix for testing Hy : K’3 = 0 in terms
of D and Px. From Section 6.2, recall that the numerator sum of squares to test the
reduced model Y = W+ + € versus the full model Y = XB+e€is Y/ (Px —Pw)Y, where
Px — Pw is the ppm onto C(Px — Pw) = C(W)CL(X). For testing the estimable function
K'3 = 0, we now show that the ppm onto C(PxD) is also the ppm onto C(W)é(x); ie.,
that C(PxD) = C(W)gx.
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PROPOSITION: C(Px — Pw) = C(W)}x, = C(XU)}x, = C(PxD).

Proof. We showed C(Px — Pw) = C(W)é(x) in Chapter 2 and W = XU, so the second
equality is obvious. Suppose that v € C(XU)é(X). Then, v'XU = 0, so that X'v1C(U).
Because C(U) = C(K)*, we know that X'v € C(K) = C(X'D), since K’ = D’X. Thus,

v = Pxv = X(X'X) X'v € C[X(X'X)"X'D] = C(PxD).
Suppose that v € C(PxD). Clearly, v € C(X). Also, v = PxDd, for some d and
v'XU =d'D'PxXU =d'D'XU =d'K'U = 0,
because C(U) = C(K)*. Thus, v € C(XU)gx.-

IMPLICATION: It follows immediately that the numerator sum of squares for testing
the reduced model Y = W+ + € versus the full model Y = X8+ € is Y'Mp,pY, where

Mp,p = PxD|[(PxD) (PxD)]” (PxD)' = PxD(D'PxD) D'Px

is the ppm onto C(PxD). If € ~ N,,(0,02I), the resulting test statistic

Y/MP DY/T‘(MP D)
F = X X ~ Fr (I A ,
Y'(I-Px)Y/r(I- Px) (Mpyp),r(I Px)( )

where the noncentrality parameter

A= (XB)Mp,pXp.

1
202
GOAL: Our goal now is to show that the F' statistic above is the same F' statistic we
derived in Section 6.3 with m = 0, that is,

(K'B)H 'K'B/s

F= Y(I-Px)Y/(n—r)

Recall that this statistic was derived for the testable hypothesis Hy : K'3 = 0. First,
we show that r(Mpyp) = s, where, recall, s = r(K). To do this, it suffices to show
that r(K) = r(PxD). Because K’'J3 is estimable, we know that K’ = D’X, for some D.
Writing K = X'D, we see that for any vector a,

X'Da = 0 <= Dal(C(X),
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which occurs iff PxDa = 0. Note that the X’'Da = 0 <= PxDa = 0 equivalence

implies that
N(X'D) = N(PxD) <= C(D'X)* = C(D'Px)*" += C(D'X) = C(D'Px)

so that r(D'X) = r(D'Px). But K' = D’X, so r(K) = r(D'X) = r(D'Px) = r(PxD),
which is what we set out to prove. Now, consider the quadratic form Y'Mp,pY, and
let B denote a least squares estimator of 8. Result 2.5 says that X,@ = PxY, so that
K'B = D'X3 = D'PxY. Substitution gives

Y'Mp,pY = Y'PxD(D'PxD) D'PxY
= (K'8)[D'X(X'X)"X'D| K’
= (K'B)[K'(X'X) K] K'3.
Recalling that H = K'(X'X)"K and that H is nonsingular (when K’3 is estimable)

should convince you that the numerator sum of squares in

_ _Y'Mp,pY/r(Mpyp)
 Y(I-Px)Y/r(I-Px)

and
_ (K'BYH'K'B/s
Y'(I-Px)Y/(n—r)

are equal. We already showed that r(Mp,p) = s, and because (I — Px) = n —r, we

F

are done.

6.5 Likelihood ratio tests

6.5.1 Constrained estimation

REMARK: In the linear model Y = X3+ €, where E(€) = 0 (note the minimal assump-
tions), we have, up until now, allowed the p x 1 parameter vector 3 to take on any value
in RP, that is, we have made no restrictions on the parameters in 3. We now consider

the case where 3 is restricted to the subspace of RP consisting of values of 3 that satisfy
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P'B = §, where P is a p x ¢ matrix and § is ¢ x 1. To avoid technical difficulties, we
will assume that the system P’8 = § is consistent; i.e., § € C(P’). Otherwise, the set
{B € RP:P'B =0} could be empty.

PROBLEM: In the linear model Y = X3+¢, where FE(e) = 0, we would like to minimize

Q(B) = (Y = XB)(Y — XB)

subject to the constraint that P’3 = §. Essentially, this requires us to find the minimum
value of Q(3) over the linear subspace {3 € R? : P'/3 = §}. This is a restricted mini-
mization problem and standard Lagrangian methods apply; see Appendix B in Monahan.
The Lagrangian a(3, 0) is a function of 8 and the Lagrange multipliers in € and can be
written as

a(B3,0) = (Y —XB)' (Y — XB3) +20'(P'3—9).

Taking partial derivatives, we have

%ﬁﬁ) — XY 4+ 2X'X3 + 2P0
8(1(,@, 0) o /
2~ P 6),

Setting these equal to zero leads to the restricted normal equations (RNEs), that is,
XX P B XY
P 0 0 )
Denote by B ; and §H the solutions to the RNEs, respectively. The solution ,@' g 1s called

a restricted least squares estimator.

DISCUSSION: We now present some facts regarding this restricted linear model and its
(restricted) least squares estimator. We have proven all of these facts for the unrestricted

model; restricted versions of the proofs are all in Monahan.

1. The restricted normal equations are consistent; see Result 3.8, Monahan (pp 62-63).

2. A solution BH minimizes Q(3) over the set T = {8 € R? : P'3 = d}; see Result
3.9, Monahan (pp 63).
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3. The function A'B is estimable in the restricted model
Y=XB+e€ FE( =0 PgE=4,
if and only if X' = a’X 4 d’P’, for some a and d, that is,

X
P/

NeR

See Result 3.7, Monahan (pp 60).

4. If X'B is estimable in the unrestricted model; i.e., the model without the linear

restriction, then A’ is estimable in the restricted model. The converse is not true.

5. Under the GM model assumptions, if \’3 is estimable in the restricted model, then
N3 g is the BLUE of X’3 in the restricted model. See Result 4.5, Monahan (pp
89-90).

6.5.2 Testing procedure

SETTING: Consider the Gauss Markov linear model Y = X3+ €, where X is n x p with
rank r < p and € ~ N, (0,0%I). We are interested in deriving the likelihood ratio test
(LRT) for
Hy:K'B8=m
versus

leK’,B#m,

where K is a p x s matrix with 7(K) = s and m is s x 1. We assume that Hy : K'G = m

is testable, that is, K'3 is estimable.

RECALL: A likelihood ratio testing procedure is intuitive. One simply compares the
maximized likelihood over the restricted parameter space (that is, the space under Hy)
to the maximized likelihood over the entire parameter space. If the former is small when

compared to the latter, then there a large amount of evidence against Hy.
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DERIVATION: Under our model assumptions, we know that Y ~ N, (X/3,0%I). The
likelihood function for 8 = (3', 0?)" is

L(Bly) = L(B,0%ly) = (2m0”) " exp{~Q(B)/20°},
where Q(8) = (y — X3)'(y — X3). The unrestricted parameter space is
©={0:B€R’ o€ R}
The restricted parameter space, that is, the parameter space under Hy : K'3 = m, is
©={0:BcR’, KB=m, c*?c R"}.

The likelihood ratio statistic is

LY
A= A(Y) = 2o, LIOIY)

supg L(0]Y)

We reject the null hypothesis Hy for small values of A = A(Y). Thus, to perform a level
a test, reject Hy when A < ¢, where ¢ € (0,1) is chosen to satisfy Py, {\(Y) < ¢} = a.
We have seen (Section 6.1) that the unrestricted MLEs of 3 and o2 are
Q(B)

n

~

B=(XX)"XY and 7°=

~

Similarly, maximizing L(8]y) over ©g produces the solutions 3 and ¢* = Q(B u)/n,

where B y 1s any solution to
X'X K B XY
K o0 0 m

the restricted normal equations. Algebra shows that

D 2 ~o\ n/2 )2
y = UBwo rY>:(g_2> :{Q@} |
L(B.52Y) \¢& QBy)

{ Q@) }”/2 . B -eBs
QB) QB)/(n =)

More algebra shows that

Y
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where s = 7(K) and ¢* = s7'(n — r)(c"%™ — 1). Furthermore, Monahan’s Theorem 6.1

(pp 139-140) shows that when K’3 is estimable,

Q(By) — Q(B) = (K'B — m)H(K'8 — m),

~

where H = K/'(X'X)~"K. Applying this result, and noting that Q(8)/(n — r) = MSE,

we see that
{QBY -QBY/s _ o ., p_ KB-m)HYKB-m)s .

Q(B)/(n—r) MSE
That is, the LRT specifies that we reject Hy when F' is large. Choosing ¢* = F§,_,q

provides a level a test. Therefore, under the Gauss Markov model with normal errors,

the LRT for Hy : K/'B = m is the same test as that in Section 6.3.

6.6 Confidence intervals

6.6.1 Single intervals

PROBLEM: Consider the Gauss Markov linear model Y = X3 + €, where X is n X p
with rank r < p and € ~ N, (0, 0°T). Suppose that A'3 estimable, that is, A’ = a’X, for

some vector a. Our goal is to write a 100(1 — «) percent confidence interval for X'3.

DERIVATION: We start with the obvious point estimator XB, the least squares esti-

mator (and MLE) of X’3. Under our model assumptions, we know that
NB ~ N{NB, o*N(X'X)"A}

and, hence,

g _AP-AB ~ N(0,1).
2N (X'X)~A

If 02 was known, our work would be done as Z is a pivot. More likely, this is not the

case, so we must estimate it. An obvious point estimator for o2 is MSE, where

MSE = (n —r)'Y'(I - Px)Y.
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We consider the quantity N
B NB-\Np
VMSE X(X'X)~A
and subsequently show that T ~ t,_,.. Note that
B NGB -3
VMSE X(X'X)~A
(NB — NB)/ /2N (X'X)~A “N(0,1)”
Vin=r) "Y' T-Px)Y/o?> /7 /(n—r)
To verify that T ~ t,_,, it remains only to show that Z and Y'(I — Px)Y /o? are

independent, or equivalently, that XB and Y'(I — Px)Y are, since XB is a function of

2

Z and since o- is not random. Note that

NB = a'X(X'X) XY =aPxY,

a linear function of Y. Using Result 5.19, X'3 and Y’ (I = Px)Y are independent since
a’Pxo’I(I — Px) =0. Thus, T~ t,_,, i.e., t is a pivot, so that

ANB— N
pr _tnfr,a/Z < IB 7 /6 < tnfr,a/Z =1-a.
VMSE X (X'X)-A

Algebra shows that this probability statement is the same as

pr (XB ~tu a2/ MSE N (X'X)"X < NB < NB + tu_rj21/ MSE X(X’X)—)\) —1—aq,

showing that

NB + tyrajzy/MSE N (X/X)~A
is a 100(1 — «) percent confidence interval for X'3.
Example 6.4. Recall the simple linear regression model
Y; = fo + bz + €,

for i = 1,2,...,n, where €, €9, ..., €, are iid A (0,0%). Recall also that the least squares

estimator of 3 = (5, £1)" is

. Bo Y - 57
= (X'X)"'X'Y = = _
B ( ) B\ ilzi—z)(Yi-Y) ’
1 3 (wl*§)2

PAGE 114



CHAPTER 6 STAT 714, J. TEBBS

and that the covariance matrix of B is

1 z2 =
cov(B) = 0*(X'X) ! =0 nt 2i(wi=m)” _Ei(fifE)Z
I LD L

We now consider the problem of writing a 100(1 — «) percent confidence interval for
E(Y|z = ) = fo + Pro,

the mean response of Y when x = zy. Note that E(Y|z = x¢) = o + Bi1x0 = N'3, where
A = (1 =z). Also, X'3 is estimable because this is a regression model so our previous

work applies. The least squares estimator (and MLE) of E(Y |x = zg) is
XB = Bo + Bizo.

Straightforward algebra (verify!) shows that
1 EQ T
XXX)A = (1 g ) [ 0T Tmeer )
z 1
T (@i-1)? S @i—7)2 Zo
1 To — 7T)?
_ 1, _@o—a)
no Y (xi—7)?

Thus, a 100(1 — «) percent confidence interval for '3 = E(Y |z = xy) is

~ ~ ! 2

6.6.2 Multiple intervals

PROBLEM: : Consider the Gauss Markov linear model Y = X3+¢, where X is n X p with
rank r < p and € ~ N, (0, c%I). We now consider the problem of writing simultaneous
confidence intervals for the k estimable functions X} 3, X503, ..., A}, 3. Let the p x k matrix
A= (A1 Az -+ Ag) so that
A
T=ANpB= Ao

B
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Because 7 = A’ is estimable, it follows that
7 = A'B ~ Ni(A'B,0°H),

where H = A’(X’X)~A. Furthermore, because X8, A,3, ..., ;8 are jointly normal, we
have that
A;,@ ~ N()\;ﬁ, O'thj),

where hj; is the jth diagonal element of H. Using our previous results, we know that
A;B + by raja\/02h;,
where 62 = MSE, is a 100(1 — a) percent confidence interval for )\;ﬁ, that is,
pr (A;B — tn_w/g\/W—hjj <NB < )\;E + tn_w/g\/ﬂ—hﬂ) =1-a.

This statement is true for a single interval.

SIMULTANEOUS COVERAGE: To investigate the simultaneous coverage probability

of the set of intervals
(NB+ by rajo /3%, = 1,2, k),

let F/; denote the event that interval j contains )\;ﬂ, that is, pr(E;) = 1 — a, for j =
1,2, ..., k. The probability that each of the k intervals includes their target )\;B is

#(0e) = (Um)

by DeMorgan’s Law. In turn, Boole’s Inequality says that

pr <U Ej) < Zpr(Ej) = ka.

Thus, the probability that each interval contains its intended target is

k
pr (ﬂ Ej> > 1—ka.
j=1
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Obviously, this lower bound 1 — ko can be quite a bit lower than 1 — «, that is, the

simultaneous coverage probability of the set of

{A;B + tn—r,a/? V /0-\2hjj7 ] = 172, ,k}}

can be much lower than the single interval coverage probability.

GOAL: We would like the set of intervals {/\;B + d\/c%hj;, 7 = 1,2,...,k} to have a
simultaneous coverage probability of at least 1 —a. Here, d represents a probability
point that guarantees the desired simultaneous coverage. Because taking d = t,_, /2

does not guarantee this minimum, we need to take d to be larger.

BONFERRONI: From the argument on the last page, it is clear that if one takes d =

tn—r,oc/2k7 then
k
pr (ﬂ Ej> >1—k(a/k)=1-a.
j=1

Thus, 100(1 — ) percent simultaneous confidence intervals for A3, A503, ..., A} 3 are
A;ﬂ + tn—r,oe/Qk V 6-\2hjj
for j=1,2,..., k.

SCHEFFE: The idea behind Scheffé’s approach is to consider an arbitrary linear combi-

nation of 7 = A’'B, say, u'T = w'A’B and construct a confidence interval
C(u,d) = (W7 — dV520Hu, u'7 + dvV52u'Hu),
where d is chosen so that
pr{u'r € C(u,d), for allu} =1-a.

Since d is chosen in this way, one guarantees the necessary simultaneous coverage proba-
bility for all possible linear combinations of 7 = A’3 (an infinite number of combinations).
Clearly, the desired simultaneous coverage is then conferred for the £ functions of interest
T; = )\;B, 7 =1,2,...,k; these functions result from taking u to be the standard unit

vectors. The argument in Monahan (pp 144) shows that d = (kFy . )'/%.
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7 Appendix

7.1 DMatrix algebra: Basic ideas

TERMINOLOGY : A matrix A is a rectangular array of elements; e.g.,

3 5 4
1 2 8

A_:

The (i, j)th element of A is denoted by a;;. The dimensions of A are m (the number of
rows) by n (the number of columns). If m = n, A is square. If we want to emphasize

the dimension of A, we can write A,,x,.

TERMINOLOGY : A vector is a matrix consisting of one column or one row. A column
vector is denoted by a,«;. A row vector is denoted by a;x,. By convention, we assume

a vector is a column vector, unless otherwise noted; that is,

aq
(05} ,
a = A a = a/l a2 PR an .

Qn

TERMINOLOGY: If A = (a;;) is an m X n matrix, the transpose of A, denoted by A’

or AT, is the n x m matrix (a;;). If A’ = A, we say A is symmetric.
Result MAR1.1.

(a) (A) =A

(b) For any matrix A, A’A and AA’ are symmetric

(c) A=0iff AAA =0

(d) (AB) = B'A’

(e) (A+B)Y =A"+B
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TERMINOLOGY : The n x n identity matrix I is given by

10 0
01 - 0
00 - 1

nxn

11 1

11 1
J=J,= ;

11 1

nxn

that is, a;; = 1 for all i and j. Note that J = 11’, where 1 = 1,, is an n x 1 (column)
vector of ones. The n x n matrix where a;; = 0, for all 7 and j, is called the null matrix,

or the zero matrix, and is denoted by 0.

TERMINOLOGY : If A is an n X n matrix, and there exists a matrix C such that
AC=CA =1,

then A is nonsingular and C is called the inverse of A; henceforth denoted by A~!.
If A is nonsingular, A~! is unique. If A is a square matrix and is not nonsingular, A is

singular.

SPECIAL CASE: The inverse of the 2 X 2 matrix

a b o 1 1 d —b
A= is given by A7 =
c d ad — bc

SPECIAL CASE: The inverse of the n x n diagonal matrix

a; 0 - 0 (11_11 0 --- 0
0 ap --- 0 0 ayp - 0
A= ' '22 ‘ is given by A~! = ‘ 2'2
0 0 Qnn 0 0 al

nn
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Result MAR1.2.
(a) A is nonsingular iff |A| # 0.
(b) If A and B are nonsingular matrices, (AB)™" = B™1A~1,

(c) If A is nonsingular, then (A’)~! = (A71)".

7.2 Linear independence and rank

TERMINOLOGY : The m x 1 vectors ay, as, ..., a, are said to be linearly dependent

if and only if there exist scalars ¢y, o, ..., ¢, such that

n
E c;a; = 0
=1

and at least one of the ¢;’s is not zero; that is, it is possible to express at least one vector

as a nontrivial linear combination of the others. If

n

Zciai:0j01:@:---:cn=0,
i=1
then a;, as, ..., a, are linearly independent. If m < n, then a;, a,, ..., a, must be
linearly dependent.
NOTE: If ay, as, ..., a, denote the columns of an m x n matrix A; i.e.,
A - ( al a2 oo an > s

then the columns of A are linearly independent if and only if Ac = 0 = ¢ = 0, where
¢ = (¢1,¢9,...,¢,). Thus, if you can find at least one nonzero ¢ such that Ac = 0, the

columns of A are linearly dependent.
TERMINOLOGY : The rank of a matrix A is defined as

r(A) = number of linearly independent columns of A

= number of linearly independent rows of A.
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The number of linearly independent rows of any matrix is always equal to the number of

linearly independent columns. Alternate notation for r(A) is rank(A).
TERMINOLOGY: If A is n x p, then r(A) < min{n, p}.

o If 7(A) = min{n, p}, then A is said to be of full rank.

If r(A) = n, we say that A is of full row rank.

o If 7(A) = p, we say that A is of full column rank.

If 7(A) < min{n, p}, we say that A is less than full rank or rank deficient.

Since the maximum possible rank of an n X p matrix is the minimum of n and p,
for any rectangular (i.e., non-square) matrix, either the rows or columns (or both)

must be linearly dependent.

Result MAR2.1.
(a) For any matrix A, r(A’) = r(A).
(b) For any matrix A, r(A’A) = r(A).
(c) For conformable matrices, 7(AB) < r(A) and r(AB) < r(B).
(d) If B is nonsingular, then, 7(AB) = r(A).
(e) For any n x n matrix A, r(A) =n <= A~! exists <= |A| # 0.
(f) For any matrix A, «, and vector b,yi, 7(A,b) > r(A); i.e., the inclusion of a

column vector cannot decrease the rank of a matrix.

ALTERNATE DEFINITION: An m X n matrix A has rank r if the dimension of the

largest possible nonsingular submatrix of A is r x r.

APPLICATION TO LINEAR MODELS: Consider our general linear model

Y =X +e¢€,
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where Y is an n x 1 vector of observed responses, X is an n X p matrix of fixed constants, 3
is a px 1 vector of fixed but unknown parameters, and € is an n x 1 vector of (unobserved)
random errors with zero mean. If X is n x p, then X'X is p x p. Furthermore, if r(X) = p
(i.e., it is full column rank), then r(X’X) = p. Thus, we know that (X'X)~! exists. On
the other hand, if X has rank 7 < p, then r(X'X) < p and (X'X)~! does not exist.

Consider the normal equations (which will be motivated later):
X'XB=X'Y.
We see that left multiplication by (X’X)~! produces the solution
B = (X'X)'XY.

This is the unique solution to the normal equations (since inverses are unique). Note

that if 7(X) = r < p, then a unique solution to the normal equations does not exist.

TERMINOLOGY : We say that two vectors a and b are orthogonal, and write a_Lb, if

their inner product is zero; i.e.,

a'b=0.
Vectors ay, ag, ..., a, are mutually orthogonal if and only if aja; = 0 for all 7 # j. If
aj, ay, ..., a, are mutually orthogonal, then they are also linearly independent (verify!).

The converse is not necessarily true.

TERMINOLOGY : Suppose that a;, ay, ..., a, are orthogonal. If ala; = 1, for all

1=1,2,...,n, we say that a;, as, ..., a,, are orthonormal.

TERMINOLOGY : Suppose that a, ag, ..., a, are orthogonal. Then

c; = a;/||ay],
where ||a;|| = (a/a;)'/?, i = 1,2,...,n, are orthonormal. The quantity ||a,|| is the length
of a;. If a;, ay, ..., a, are the columns of A, then A’A is diagonal; similarly, C'C = L.

TERMINOLOGY : Let A be an n X n (square) matrix. We say that A is orthogonal
if A/A =1 = AA’, or equivalently, if A’ = A~!. Note that if A is orthogonal, then
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||Ax|| = ||x||. Geometrically, this means that multiplication of x by A only rotates the

vector x (since the length remains unchanged).

7.3 Vector spaces

TERMINOLOGY: Let ¥V C R" be a set of n x 1 vectors. We call }V a vector space if

(i) x1 €V, x€V = x;+%x2 €V, and

(i) xeV=cxeVforceR.

That is, V is closed under addition and scalar multiplication.

TERMINOLOGY: A set of n x 1 vectors S C R" is a subspace of V if S is a vector

space and S C Vs ie,ifxeS=xe V.

TERMINOLOGY : We say that subspaces &1 and S are orthogonal, and write S LSs,

if xixo =0, for all x; € §; and for all x; € Ss.

Example. Suppose that ¥V = R3. Then, V is a vector space.
Proof. Suppose x; € V and x5 € V. Then, x; + x5 € V and ¢x; € V for all ce R. I

Example. Suppose that ¥V = R3. The subspace consisting of the z-axis is

0
S = 0 s forze R

z

The subspace consisting of the z-y plane is

Sy = y |: forz,yeR
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It is easy to see that S; and Sy are orthogonal. That S; is a subspace is argued as follows.

Clearly, S € V. Now, suppose that x; € §; and x5 € Sy i.e.,

0 0
X; = 0 and X9 = 0 ,
21 zZ2
for 21,29 € R. Then,
0
X+ Xg = 0 €S
21+ 22
and
0
X = 0 € Sy,
¢z

for all ¢ € R. Thus, S; is a subspace. That S, is a subspace follows similarly. [J

TERMINOLOGY : Suppose that V is a vector space and that x1,Xs, ...,X,, € V. The set

of all linear combinations of X1, Xo, ..., X,,; i.e.,

SI{XEV:XIXn:CiXi}
i=1

is a subspace of V. We say that S is generated by xi,Xs,...,X,. In other words, § is

the space spanned by x1,Xs, ..., X,,, written S = span{xy, X, ..., X, }.

Example. Suppose that V = R? and let

1 1
x;=1 1 and xo=1] 0
1 0

For ¢1,co € R, the linear combination ¢;x; + coXe = (¢1 + ¢o,¢1,¢1)". Thus, the space
spanned by x; and x, is the subspace S which consists of all the vectors in R? of the

form (a,b,b)’, for a,b € R. O
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TERMINOLOGY: Suppose that S is a subspace of V. If {x;,xa,...,x,} is a linearly
independent spanning set for S, we call {x,Xs, ..., X, } a basis for S. In general, a basis
is not unique. However, the number of vectors in the basis, called the dimension of S,

written dim(S), is unique.

Result MAR3.1. Suppose that S and 7 are vector spaces. If S C T, and dim(S) =
dim(7), then S = T.
Proof. See pp 244-5 in Monahan. [J

TERMINOLOGY : The subspaces &; and S, are orthogonal complements in R™ if
and only if §; C R™, S C R™, §; and S, are orthogonal, §; NSy = {0}, dim(S;) = r,

and dim(Sy) =m — r.

Result MARS3.2. Let &7 and Sy be orthogonal complements in R™. Then, any vector
y € R™ can be uniquely decomposed as y = y; + yo, where y; € §; and y; € Ss.

Proof. Suppose that the decomposition is not possible; that is, suppose that y is linearly
independent of basis vectors in both §; and S;. However, this would give m + 1 linearly
independent vectors in R, which is not possible. Thus, the decomposition must be
possible. To establish uniqueness, suppose that y = y; +y2 and y = yj + y35, where
v1,Yi € S1and ys,y; € So. Then, y1—y] =y5;—yo. But, y1—y; € S;and ys —y2 € Ss.
Thus, both y; — y7 and y; — y2 must be the 0 vector. [J

NOTE: In the last result, note that we can write

Iy|?=y'y = (y1 +y2) (y1 +¥2) = ¥iy1 + 2y1¥e + ¥o¥o = ||y1l]* + ||y2|*-

This is simply Pythagorean’s Theorem. The cross product term is zero since y; and

y2 are orthogonal.

TERMINOLOGY : For the matrix

Aan=<a1 Ay an>7
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where a; is m x 1, the column space of A,

C(A) = {x ER™ :x= chaj; c; € R}
j=1

= {xeR":x=Ac; ce R"},

is the set of all m x 1 vectors spanned by the columns of A; that is, C(A) is the set of all
vectors that can be written as a linear combination of the columns of A. The dimension

of C(A) is the column rank of A.

TERMINOLOGY : Let
b}

/
A, = b
mXxXn — . )

where b; is n x 1. Denote
R(A) = {xeR":x=) db; d € R}
i=1
= {xeR":xX'=d'A; de R™}.

We call R(A) the row space of A. It is the set of all n x 1 vectors spanned by the rows
of A; that is, the set of all vectors that can be written as a linear combination of the

rows of A. The dimension of R(A) is the row rank of A.

TERMINOLOGY : The set N(A) = {x : Ax = 0} is called the null space of A, denoted
N (A). The dimension of N'(A) is called the nullity of A.

Result MAR3.3.
(a) C(B) CC(A) iff B = AC for some matrix C.
(b) R(B) C R(A) iff B = DA for some matrix D.
(c) C(A), R(A), and N(A) are all vector spaces.

(d) R(A’) = C(A) and C(A') = R(A).
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(e) C(A’A) =C(A’) and R(A’A) = R(A).
(f) For any A and B, C(AB) C C(A). If B is nonsingular, then C(AB) = C(A).
Result MAR3.4. If A has full column rank, then N (A) = {0}.

Proof. Suppose that A has full column rank. Then, the columns of A are linearly

independent and the only solution to Ax =0is x = 0. [

Example. Define

1 1 2 3
A= 1 0 3 and c= -1
1 0 3 -1

The column space of A is the set of all linear combinations of the columns of A; i.e., the

set, of vectors of the form

c1+ co + 2C3
c1a; + c2as + czaz = c1 + 3c3 ,

c1 + 3c3

where ¢;,¢9,¢c3 € R. Thus, the column space C(A) is the set of all 3 x 1 vectors of
the form (a,b,b)’, where a,b € R. Any two vectors of {a;,as,a3} span this space. In
addition, any two of {aj,as,as} are linearly independent, and hence form a basis for
C(A). The set {a;,as, a3} is not linearly independent since Ac = 0. The dimension of
C(A); i.e., the rank of A, is r = 2. The dimension of N'(A) is 1, and ¢ forms a basis for

this space. [

Result MAR3.5. For an m x n matrix A with rank r < n, the dimension of N'(A) is
n —r. That is, dim{C(A)} + dim{N(A)} = n.
Proof. See pp 241-2 in Monahan. [

Result MAR3.6. For an m xn matrix A, N'(A’) and C(A) are orthogonal complements
in R™.

Proof. Both N(A’) and C(A) are vector spaces with vectors in R™. From the last
result, we know that dim{C(A)} = rank(A) = r, say, and dim{N(A’)} = m — r, since
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r = rank(A) = rank(A’). Now we need to show N (A’) NC(A) = {0}. Suppose x is in
both spaces. If x € C(A), then x = Ac for some c. If x € N(A’), then A’x = 0. Thus,

A'x=A'Ac=0= 'A’'Ac=0= (Ac))Ac=0= Ac=x=0.

To finish the proof, we need to show that N'(A’) and C(A) are orthogonal spaces. Suppose
that x; € C(A) and x € N(A’). It suffices to show that x]x,; = 0. But, note that
x; € C(A) = x; = Ac, for some c. Also, x5 € N(A') = A’xy; = 0. Since x|xy =

(Ac)'xy = c/A'xy = /0 = 0, the result follows. [J

Result MAR3.7. Suppose that S; and 7; are orthogonal complements. Suppose that
Sy and Ty are orthogonal complements. If §; C S, then 75 C T;.
Proof. See pp 244 in Monahan. [J

7.4 Systems of equations

REVIEW : Consider the system of equations Ax = c. If A is square and nonsingular,
then there is a unique solution to the system and it is x = A~!c. If A is not nonsingular,

then the system can have no solution, finitely many solutions, or infinitely many solutions.

TERMINOLOGY : The linear system Ax = c is consistent if there exists an x* such
that Ax™ = c; that is, if c € C(A).

REMARK : We will show that

e for every m x n matrix A, there exists a n X m matrix G such that AGA = A.

e for a consistent system Ax = c, if AGA = A, then x* = Gc is a solution.

Result MARA4.1. Suppose that Ax = c is consistent. If G is a matrix such that
AGA = A, then x* = Gc is a solution to Ax = c.
Proof. Because Ax = c is consistent, there exists an x* such that Ax* = c. Note that

AGc = AGAx* = Ax™ = c¢. Thus, x* = Gc is a solution. [
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TERMINOLOGY : A matrix G that satisfies AGA = A is called a generalized inverse
of A and is denoted by A~. That is,

AGA =A== AA A=A

If A is square and nonsingular, then the generalized inverse of A is A~! since AA~A =

AATTA = A

NOTES:

e Every matrix A, regardless of its dimension, has a generalized inverse.

Generalized inverses are not unique unless A is nonsingular.

If A is m x n, then A~ isn X m.

A generalized inverse of A, A symmetric, is not necessarily symmetric. However, a
symmetric generalized inverse can always be found. We will thus assume that the

generalized inverse of a symmetric matrix is symmetric.

If G is a generalized inverse of A, then G’ is a generalized inverse of A'.

e Monahan uses AY to denote generalized inverse, but I will use A~.

Example. Consider the matrices

412 1/3 —1/3 0
A= 11 5 and G=| —-1/3 4/3 0
3 1 3 0 0 0

Note that r(A) = 2 because —a; + 6a; — az = 0. Thus A~! does not exist. However, it
is easy to show that AGA = A; thus, G is a generalized inverse of A. [

Result MAR4.2. Let A be an m x n matrix with (A) = r. If A can be partitioned

as follows
C D

E F
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where 7(A) = r(C) = r, and C,«, is nonsingular, then

cto
0 O

G —

is a generalized inverse of A. This result essentially shows that every matrix has a
generalized inverse (see Results A.10 and A.11, Monahan). Also, it gives a method to

compute it.

COMPUTATION: This is an algorithm for finding a generalized inverse A~ for A, any

m X n matrix of rank 7.

1. Find any r x r nonsingular submatrix C. It is not necessary that the elements of

C occupy adjacent rows and columns in A.
2. Find C~! and (C™')".
3. Replace the elements of C by the elements of (C™1)'.
4. Replace all other elements of A by zeros.

5. Transpose the resulting matrix.

Result MAR4.3. Let A,.xn, Xnx1, Cmx1, and I, be matrices, and suppose that

Ax = c is consistent. Then, x* is a solution to Ax = c if and only if
x"=ATc+(I-A Az,

for some z € R". Thus, we can generate all solutions by just knowing one of them; i.e.,
by knowing A~ c.

Proof. (<=) We know that x* = A~c is a solution (Result MAR4.1). Suppose that
x*=A"c+ (I- A A)z, for some z € R". Thus,

Ax" = AA"c+(A—AAA)z
= AAc=Ax"=c;
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that is, x* = A~c+ (I — A~ A)z solves Ax = c. Conversely, (=) suppose that x* is a

solution to Ax = c. Now,

x* = ATc+x"—A"c

= A c+x" —AAx"=A"c+(I-AA)x"

Thus, x* = A~ c+ (I— A~ A)z, where z = x*. Note that if A is nonsingular, A~ = A~}
and x* = A7'c+ (I - A7'A)z = A~ !c; i.e., there is just one solution. (]

NOTE: Consider the general form of the solution to Ax = ¢ (which is assumed to be
consistent); i.e., x* = A~c+(I—-A~A)z. We call A~c a particular solution. The term
(I— A~ A)z is the general solution to the homogeneous equations Ax = 0, producing

vectors in N'(A).

COMPARE: Suppose that Xi, X, ..., X,, is an iid sample from fx(z;0) and let X =
(X1, Xa, ..., X;,)". Suppose also that 51 = gl(X) is an unbiased estimator of 6; that is,
Ey [51 (X)] = 6 for all € O, say. The general form of an unbiased estimator for 6 is

0=0,+T,

where Ep(T) =0 for all § € ©.

APPLICATION: Consider the general linear model
Y = X3 + ¢,

where Y is an n x 1 vector of observed responses, X is an n X p matrix of rank r < p, 3 is
a p x 1 vector of fixed but unknown parameters, and € is an n x 1 vector of (unobserved)

random errors. The normal equations are given by
X'X3=X"Y.

The normal equations are consistent (see below). Thus, the general form of the least

squares estimator is given by

~

B=XX)XY +[I - (XX)"X'X]z,
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where z € RP. Of course, if 7(X) = p, then (X'X)™! exists, and the unique solution

becomes

B=(XX)'XY.

PROPOSITION: The normal equations X’X3 = X'Y are consistent.
Proof. First, we will state and prove the following lemma.
LEMMA: For any matrix X, and for any matrices A and B,
X'XA = X'XB < XA = XB.
Proof. The necessity part (<) is obvious. For the sufficiency part (=), note that
X'XA=XXB — XXA-XXB=0
—

A - BY(X'XA — X'XB) =0

—

(

— (A-B)X/(XA-XB)=0
(A’X' - B'X')(XA — XB) =0
(

— (XA - XB)(XA — XB) = 0.
This can only be true if XA — XB = 0. Thus, the lemma is proven. Now, let (X'X)~
denote a generalized inverse of X'X so that X'X(X'X)"X'X = X'X. Taking A’ =
X'X(X'X)™ and B’ =1 in the lemma, we have
X'X(X'X) XX =X'X = XXXX)X =X
— X'X(X'X)X'Y =XY.
This implies that B = (X'X)~X'Y is a solution to the normal equations. Hence, the

normal equations are consistent. [
Example. Consider the one-way fixed effects ANOVA model
Yij = n+ i +eij,

fori=1,2and j =1,2,...,n;, where ny =2 and ny = 3. It is easy to show that

5 2 3
X'X=12 20
30 3

PAGE 132



CHAPTER 7 STAT 714, J. TEBBS

One generalized inverse of X'X is

0 0 0
XX);y=|o01/2 0o |,
0 0 1/3

and a solution to the normal equations (based on this generalized inverse) is

0 0 0 Y1+ Yig + Yor1 + Yoo + Yo3
Bi=(XX,XY = | 012 0 Yir + Vi
0 0 1/3 Yo1 + Yoo + Ya3
0 0
= 5(Yi1 + Y1a) =| Yt
%(Yzl + Yoy + Ya3) Yo
Another generalized inverse of X'X is
1/3 —1/3 0
(X'X); =| -1/3 5/6 0 |,
0 0 0

and a solution to the normal equations (based on this generalized inverse) is

/3 —=1/3 0 Yi1+ Yo+ Yo + Yoo + Yo
B = (XX, XY = | -1/3 5/6 0 Yir + Vi
0 0 0 Yo1 + Yoo + Yo
L(Yar + Yoz + Yas) Yoy
= %(Yn + Yia) — %(Ym + Y +Yas) | = | Yie—Yyy
0 0

The general solution is given by

B = (XX)[XY+[I—(XX);XX]z

0 1 00 21 21
= Yi. | +] -1 00 29 = Yii—= |
Yo, -10 0 23 Yor — 21
where z = (21, 22, 23) € R?®. Furthermore, we see that the first particular solution

corresponds to z; = 0 while the second corresponds to z; = Ys,. O
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7.5 Perpendicular projection matrices

TERMINOLOGY : A square matrix P is idempotent if P2 = P.

TERMINOLOGY : A square matrix P is a projection matrix onto the vector space S
if and only if

1. P is idempotent
2. Pxe S, for any x

3. z€ S = Pz =1z (projection).

Result MARS5.1. The matrix P = AA™ projects onto C(A).

Proof. Clearly, AA™ is a square matrix. Note that AA“AA™ = AA~. Note that
AA x = A(A x) € C(A). Finally, if z € C(A), then z = Ax, for some x. Thus,
AATz=AA"Ax=Ax=2z 0

NOTE: In general, projection matrices are not unique. However, if we add the require-
ment that Pz = 0, for any z LS, then P is called a perpendicular projection matrix,

which is unique. These matrices are important in linear models.

Result MARS5.2. The matrix I — A=A projects onto N'(A).
Proof. Clearly, I — A~ A is a square matrix. Note that

I-AA)(I-AA)=T-2A"A+A A=T—-AA.

For any x, note that (I — A“A)x € N(A) because A(I — A“A)x = 0. Finally, if
z € N(A), then Az=0. Thus, I- A A)z=z— A" Az=1z 0O

Example. Consider the (linear) subspace of R? defined by

2a
S=Kz:z= , foraeR
a

and take
0.8 04

0.4 0.2
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EXERCISE. Show that P is a projection matrix onto S. Show that I — P is a projection

matrix onto S+, the orthogonal complement of S.

Result MARS5.3. The matrix M is a perpendicular projection matrix onto C(M) if and
only if M is symmetric and idempotent.

Proof. (=) Suppose that M is a perpendicular projection matrix onto C(M) and write
v = vy + vy, where vi € C(M) and vy LC(M). Also, let w = w; + Wy, where w; € C(M)
and wy LC(M). Since (I — M)v = (I — M)v, and Mw = Mw; = wy, we get

wM'(I-M)v=wM(I-M)vy=wjvy=0.

This is true for any v and w, so it must be true that M'(I — M) = 0 = M’ = M'M.
Since M'M is symmetric, so is M, and this, in turn, implies that M = M2. (<=) Now,
suppose that M is symmetric and idempotent. If M = M? and v € C(M), then since
v = Mb, for some b, we have that Mv = MMb = Mb = v (this establishes that M is
a projection matrix). To establish perpendicularity, note that if M’ = M and w_1C(M),
then Mw = M'w = 0, because the columns of M are in C(M). O

Result MARS5.4. If M is a perpendicular projection matrix onto C(X), then C(M) =
C(X).

Proof. We need to show that C(M) C C(X) and C(X) C C(M). Suppose that v € C(M).
Then, v = Mb, for some b. Now, write b = by + by, where b; € C(X) and by 1L C(X).
Thus, v = Mb = M(b; + bs) = Mb, + Mb, = b, € C(X). Thus, C(M) C C(X). Now
suppose that v € C(X). Since M is a perpendicular projection matrix onto C(X), we
know that v = Mv = M(v; 4 v3), where v; € C(X) and v, LC(X). But, M(v; + v3) =
Mv,, showing that v € C(M). Thus, C(X) C C(M) and the result follows. [J

Result MARS5.5. Perpendicular projection matrices are unique.
Proof. Suppose that M; and M, are both perpendicular projection matrices onto any
arbitrary subspace S C R". Let v € R™ and write v = vy + vy, where vi € S and vy LS.

Since v is arbitrary and M;v = vy = Myv, we have M; = M,. [J

Result MARS5.6. If M is the perpendicular projection matrix onto C(X), then I — M
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is the perpendicular projection matrix onto N (X').
Sketch of Proof. T — M is symmetric and idempotent so I — M is the perpendicular
projection matrix onto C(I —M). Show that C(I — M) = N(X’); use Result MAR5.5. [

7.6 'Trace, determinant, and eigenproblems

TERMINOLOGY : The sum of the diagonal elements of a square matrix A is called the
trace of A, written tr(A), that is, for A,,, = (a;)),

tr(A) = i s
i=1

Result MARG.1.

1. tr(A+B) =tr(A) £ tr(B)

2. tr(cA) = ctr(A)

3. tr(A’) =tr(A)

4. tr(AB) = tr(BA)

5. tr(A’A) =37 Z?:l az;.
TERMINOLOGY : The determinant of a square matrix A is a real number denoted by
|A| or det(A).
Result MARG.2.

L A = Al

2. |AB|=|BA|

3. |ATY = A

4. |A] =0 iff A is singular

5. For any n x n upper (lower) triangular matrix, |A| =[], ax.
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REVIEW: The table below summarizes equivalent conditions for the existence of an

inverse matrix A~! (where A has dimension n X n).

A~ exists A~ does not exist
A is nonsingular A is singular
|A[#0 A =0
A has full rank A has less than full rank
r(A)=n r(A) <n
A has LIN rows (columns) A does not have LIN rows (columns)
Ax = 0 has one solution, x =0 Ax = 0 has many solutions

EIGENVALUES: Suppose that A is a square matrix and consider the equations Au =
Au. Note that
Au= X u<= Au—\u=(A-AN)u=0.

If u # 0, then A — AI must be singular (see last table). Thus, the values of A\ which

satisfy Au = Au are those values where
|A — M| =0.

This is called the characteristic equation of A. If A is n x n, then the characteristic
equation is a polynomial (in A) of degree n. The roots of this polynomial, say, Ai, Ag, ..., A,
are the eigenvalues of A (some of these may be zero or even imaginary). If A is a

symmetric matrix, then Ay, A9, ..., \,, must be real.
EIGENVECTORS: If A\, Ao, ..., \,, are eigenvalues for A, then vectors u; satisfying
Au; = N,
for e = 1,2,...,n, are called eigenvectors. Note that
Au; = \ju; = Au; — \u; = (A — NIy, = 0.

From our discussion on systems of equations and consistency, we know a general solution

for u; is given by u; = [I — (A — N, I) 7 (A — \I)]z, for z € R™.
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Result MARG.3. If \; and \; are eigenvalues of a symmetric matrix A, and if \; # A,
then the corresponding eigenvectors, u; and u;, are orthogonal.

Proof. We know that Au; = \ju; and Au; = \ju;. The key is to recognize that
Awiu; = ujAu; = \ujuy,
which can only happen if \; = A; or if uwju; = 0. But \; # A; by assumption. [

PUNCHLINE: For a symmetric matrix A, eigenvectors associated with distinct eigen-
values are orthogonal (we've just proven this) and, hence, are linearly independent. If
the symmetric matrix A has an eigenvalue A\, of multiplicity my, then we can find my
orthogonal eigenvectors of A which correspond to A (Searle, pp 291). This leads to the
following result (c.f., Christensen, pp 402):

Result MARG6.4. If A is a symmetric matrix, then there exists a basis for C(A) con-
sisting of eigenvectors of nonzero eigenvalues. If A is a nonzero eigenvalue of multiplicity
m, then the basis will contain m eigenvectors for A\. Furthermore, N'(A) consists of the

eigenvectors associated with A = 0 (along with 0).

SPECTRAL DECOMPOSITION: Suppose that A, ., is symmetric with eigenvalues
A1, A2, ..., A\p. The spectral decomposition of A is given by A = QDQ’, where

e Q is orthogonal; i.e., QQ' = QQ =1

e D = diag(A, Ao, ..., \n), a diagonal matrix consisting of the eigenvalues of A; note

that (D) = r(A), because Q is orthogonal, and

e the columns of Q are orthonormal eigenvectors of A.

Result MARG6.5. If A is an n x n symmetric matrix with eigenvalues Ay, Ao, ..., A,,, then

L |A]= H?:l Ai

2. tr(A) = "\

1=
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NOTE: These facts are also true for a general n x n matrix A.

Proof (in the symmetric case). Write A in its Spectral Decomposition A = QDQ'.
Note that [A| = |QDQ'| = |IDQ'Q| = |ID| = [/, M- Also, tr(A) = tr(QDQ’) =
tr(DQ'Q) =tr(D) = >, Ai. O

Result MARG6.6. Suppose that A is symmetric. The rank of A equals the number of
nonzero eigenvalues of A.

Proof. Write A in its spectral decomposition A = QDQ’. Because r(D) = r(A) and
because the only nonzero elements in D are the nonzero eigenvalues, the rank of D must

be the number of nonzero eigenvalues of A. [J

Result MARG6.7. The eignenvalues of an idemptotent matrix A are equal to 0 or 1.
Proof. If X is an eigenvalue of A, then Au = Au. Note that A?u = AAu = A\u =
AAu = \?u. This shows that \? is an eigenvalue of A2 = A. Thus, we have Au = \u
and Au = \?u, which implies that A\ =0 or A = 1. [J

Result MARG.8. If the n x n matrix A is idempotent, then r(A) = tr(A).

Proof. From the last result, we know that the eignenvalues of A are equal to 0 or 1. Let
V1, Vy, ..., v, be a basis for C(A). Denote by S the subspace of all eigenvectors associated
with A = 1. Suppose v € S. Then, because Av = v € C(A), v can be written
as a linear combination of vy, vs,...,v,. This means that any basis for C(A) is also a
basis for S. Furthermore, N'(A) consists of eigenvectors associated with A = 0 (because

Av = 0v =0). Thus,

n=dim(R") = dim[C(A)]+ dim[N(A)]
= r+dim[N(A)],
showing that dim[A/(A)] =n —r. Since A has n eigenvalues, all are accounted for A = 1

(with multiplicity r) and for A = 0 (with multiplicity n —r). Now tr(A) = >, \; =,
the multiplicity of A = 1. But r(A) = dim[C(A)] = r as well. O
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TERMINOLOGY : Suppose that x is an n X 1 vector. A quadratic form is a function
f:R"™ = R of the form

n n

f(x) = Z Z a;;rr; = X Ax.

i=1 j=1

The matrix A is called the matrix of the quadratic form.

Result MARG6.9. If x’Ax is any quadratic form, there exists a symmetric matrix B
such that x’Ax = x’'Bx.

Proof. Note that x’A'x = (x’Ax)" = x'Ax, since a quadratic form is a scalar. Thus,
/ 1 / 1 / /
xXAx = —xAx+ -x'A'x
2 2
/ 1 1 / /
= X §A—{—§A x = x'Bx,
where B = %A + %A’ . It is easy to show that B is symmetric. [J

UPSHOT': In working with quadratic forms, we can, without loss of generality, assume

that the matrix of the quadratic form is symmetric.

TERMINOLOGY : The quadratic form x’Ax is said to be

e nonnegative definite (nnd) if x’Ax > 0, for all x € R™.
e positive definite (pd) if x’Ax > 0, for all x # 0.

e positive semidefinite (psd) if x’ Ax is nnd but not pd.

TERMINOLOGY: A symmetric n X n matrix A is said to be nnd, pd, or psd if the

quadratic form x’Ax is nnd, pd, or psd, respectively.

Result MARG6.10. Let A be a symmetric matrix. Then

1. Apd = |A| >0

2. Annd = |A]| > 0.

Result MARG6.11. Let A be a symmetric matrix. Then
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1. A pd <= all eigenvalues of A are positive

2. A nnd <= all eigenvalues of A are nonnegative.

Result MARG6.12. A pd matrix is nonsingular. A psd matrix is singular. The converses

are not true.

CONVENTION: If A; and A, are n X n matrices, we write A; >,,q9 Ao if A; — Ay is
nonnegative definite (nnd) and A; >,q Ay if A; — Ay is positive definite (pd).

Result MARG6.13. Let A be an m x n matrix of rank 7. Then A’A is nnd with rank
r. Furthermore, A’A is pd if r = n and is psd if r < n.

Proof. Let x be an n x 1 vector. Then x'(A’A)x = (Ax)'Ax > 0, showing that A’A is
nnd. Also, 7(A’A) =r(A) = r. If r = n, then the columns of A are linearly independent
and the only solution to Ax = 0 is x = 0. This shows that A’A is pd. If » < n, then
the columns of A are linearly dependent; i.e., there exists an x # 0 such that Ax = 0.

Thus, A’A is nnd but not pd, so it must be psd. [

RESULT: A square matrix A is pd iff there exists a nonsingular lower triangular matrix
L such that A = LL’. This is called the Choleski Factorization of A. Monahan
proves this result (see pp 258), provides an algorithm on how to find L, and includes an

example.

RESULT: Suppose that A is symmetric and pd. Writing A in its Spectral Decompo-
sition, we have A = QDQ’. Because A is pd, A\, \s, ..., \,, the eigenvalues of A, are
positive. If we define A2 = QD'2Q/, where D'/ = diag(v/A1, VA2, ..., VA ), then A1/2

is symmetric and
A1/2A1/2 _ QDl/QQlQDl/QQI _ QD1/2ID1/2Q/ _ QDQI — A,

The matrix A'/? is called the symmetric square root of A. See Monahan (pp 259-60)

for an example.
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7.7 Random vectors

TERMINOLOGY : Suppose that Y7, Ys, ..., Y, are random variables. We call

Y,

Y:Y2

Y,

a random vector. The joint pdf of Y is denoted by fy(y).

DEFINTION: Suppose that E(Y;) = u;, var(Y;) = o7, fori = 1,2, ...,n, and cov(Y;, Y;) =

oij, for i # j. The mean of Y is

E(Yl) H1
o= E(Y) _ E(Y2) _ j25)
E<Yn) Hn,

01 012 O1n
0921 0'2 09
2 n
Y =cov(Y) =
2
Opl Onp2 " o,

NOTE: Note that ¥ contains the variances o7,03,...,02 on the diagonal and the (})

covariance terms cov(Y;,Y;), for i < j, as the elements strictly above the diagonal. Since

cov(Y;, Y;) = cov(Y}, Y;), it follows that 3 is symmetric.

EXAMPLE: Suppose that Y3,Y3,...,Y,, is an iid sample with mean FE(Y;) = p and
variance var(Y;) = o2 and let Y = (Y1,Y,..,Y,). Then p = E(Y) = ul, and
¥ = cov(Y) = ¢’1,.

EXAMPLE: Consider the GM linear model Y = X3+e€. In this model, the random errors
€1, €9, ..., €, are uncorrelated random variables with zero mean and constant variance o?2.

We have F(€) = 0,,x; and cov(€) = o’1,.
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TERMINOLOGY : Suppose that Zi1, 2y, ..., Zy, are random variables. We call

le Zl2 T le
N
an Zn2 e an

a random matrix. The mean of Z is

E(Zn) E(Zi) E(Z1p)
E(Z) = E(Zx) E('Zm) E(Zs)
E(an) E(an) e E(an)

Result RV1. Suppose that Y is a random vector with mean p. Then
% = cov(Y) = E[(Y — p)(Y — )] = E(YY') - .

Proof. That cov(Y) = E[(Y — p)(Y — p)'] follows straightforwardly from the definition
of variance and covariance in the scalar case. Showing this equals E(YY’) —pp/ is simple

algebra. [J

DEFINITION: Suppose that Y, and X,.; are random vectors with means p and

Wx, respectively. The covariance between Y and X is the p x ¢ matrix defined by

cov(Y,X) = E{(Y — py)(X — px)'} = (0ij)pxqs

where

oy = E[{Y: = EYVi) HX; = B(X;)}] = cov(V;, X;).

DEFINITION: Random vectors Y, and X,«; are uncorrelated if cov(Y,X) = 0,x,.

Result RV2. If cov(Y,X) = 0, then cov(Y,a+ BX) = 0, for all nonrandom con-

formable a and B. That is, Y is uncorrelated with any linear function of X.
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TERMINOLOGY : Suppose that var(Y;) = o2, for i = 1,2,...,n, and cov(Y;,Y;) = 05,

for i # j. The correlation matrix of Y is the n x n matrix

1 pi2 -+ pimm
par L o pay
R = (pi;) = . . . 5
Pnl Pn2 " 1

where, recall, the correlation p;; is given by

_ %
Pij = —
0;0;
fori,j =1,2,...,n.

TERMINOLOGY : Suppose that Y7, Y5, ..., Y, are random variables and that aq, as, ..., a,

are constants. Define a = (ay, as, ...,a,) and Y = (Y1, Y5, ..., Y,)". The random variable
X=aY=> aY
i=1
is called a linear combination of Y7,Y5, ..., Y,,.

Result RV3. If a = (a4, a9, ...,a,) is a vector of constants and Y = (Y1, Y5, ...,Y,) is a

random vector with mean p = E(Y), then
E@Y)=au.

Proof. The quantity a’Y is a scalar so E(a’Y) is also a scalar. Note that

E@Y)=F <i aﬂﬁ) = iaiE(Y;) = iaiﬂi =a'p. O
i—1 i—1 i—1

Result RV4. Suppose that Y = (¥1,Y5,...,Y,) is a random vector with mean p =
E(Y), let Z be a random matrix, and let A and B (a and b) be nonrandom conformable

matrices (vectors). Then

1. E(AY) = Au

2. E(a'Zb) = a'E(Z)b.
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3. E(AZB) = AE(Z)B.
Result RV5. If a = (a1, a9, ...,a,)" is a vector of constants and Y = (Y1,Y5,...,Y,,) is a
random vector with mean p = E(Y) and covariance matrix 3 = cov(Y), then
var(a'Y) = a'Xa.
Proof. The quantity a’Y is a scalar random variable, and its variance is given by
var(aly) = B{(a'Y — a'p)*} = E[{a(Y — p)}*] = B{a(Y — pal(Y — )},

But, note that a’(Y — p) is a scalar, and hence equals (Y — p)’a. Using this fact, we

can rewrite the last expectation to get

E{a'(Y — p)(Y — p)a} =a'E{(Y — p)(Y — p)’}a=a'Sa O

Result RV6. Suppose that Y = (Y1,Y3,...,Y,)" is a random vector with covariance

matrix ¥ = cov(Y), and let a and b be conformable vectors of constants. Then
cov(d'Y,b'Y) = a'Yhb.

Result RV7. Suppose that Y = (Y1, Y5, ..., Y,,) is a random vector with mean pp = E(Y)
and covariance matrix ¥ = cov(Y). Let b, A, and B denote nonrandom conformable

vectors/matrices. Then

1. EAY +b)=Ap+b
2. cov(AY +b) = AXA’

3. cov(AY,BY) = ASB'.

Result RV8. A variance-covariance matrix 3 = cov(Y) is nonnegative definite.

Proof. Suppose that Y, .; has variance-covariance matrix 3. We need to show that
a’Ya > 0, for all a € R™. Consider X = a’Y, where a is a conformable vector of
constants. Then, X is scalar and var(X) > 0. But, var(X) = var(a’"Y) = a’¥a. Since a

is arbitrary, the result follows. [J
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Result RV9. If Y = (V},Ys,....,Y,,) is a random vector with mean g = E(Y) and
covariance matrix X, then P{(Y — u) € C(X)} = 1.

Proof. Without loss, take p = 0, and let My be the perpendicular projection matrix
onto C(X). We know that Y = MgY + (I — My)Y and that

E{I-Mxg)Y}=(I-Myx)E(Y)=0,
since p = E(Y) = 0. Also,
cov{(I - Mz)Y} = (I—- Mg)E(I~ My) = (£ — MgE)(I - My) =0,

since MgX¥ = ¥. Thus, we have shown that P{(I — Mx)Y = 0} = 1, which implies
that P(Y = MgY) = 1. Since MyY € C(X), we are done. [J

IMPLICATION: Result RV9 says that there exists a subset C(X) C R"™ that contains Y
with probability one (i.e., almost surely). If ¥ is positive semidefinite (psd), then X is
singular and C(X) is concentrated in a subspace of R", where the subspace has dimension

r=r(X), r < n. In this situation, the pdf of Y may not exist.

Result RV10. Suppose that X, Y, and Z are n x 1 vectors and that X =Y +Z. Then

1. EX)=E(Y)+ E(Z)
2. cov(X) = cov(Y) + cov(Z) + 2cov(Y, Z)

3. if Y and Z are uncorrelated, then cov(X) = cov(Y) + cov(Z).
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