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Summary. Generalized linear mixed models (GLMMs) are widely used in theanalysis of

clustered data. However, the validity of likelihood-based inference in such analyses can be

greatly a�ected by the assumed model for the random e�ects. We propose a diagnostic

method for random-e�ect model misspeci�cation in GLMMs for clustered binary response.

We provide a theoretical justi�cation of the proposed method and investigate its �nite sample

performance via simulation. The proposed method is applied todata from a longitudinal

respiratory infection study.
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1. Introduction

Generalized linear mixed models (GLMMs) are frequently used to analyze data from a wide

range of applications. They are 
exible models for non-normal responses, repeated measure-

ments, and other forms of clustered data. This class of models can easily account for multiple

sources of variation and address various correlation structures in correlated data. A natural

concern in using GLMMs is misspecifying the model for the randome�ects. For computa-

tional convenience, random e�ects in GLMMs are almost routinely assumed to be normal.

However, the normality assumption may be unrealistic in some applications. Moreover, to

decide which covariates in the model have random coe�cient is also a di�cult question.

Early investigation to address this concern suggested that misspecifying the models for

the random e�ects usually only results in a small amount of bias in the maximum likelihood

estimators (MLEs) for the �xed e�ects (Neuhaus, Hauck, and Kalb
eisch, 1992). However,

more recently, many authors have found that likelihood-based inference can be severely af-

fected if the random-e�ect model is misspeci�ed. For example,Heagerty and Kurland (2001)

computed the asymptotic bias in the MLEs for the parameters ina logistic mixed model in

four instances of random-e�ect model misspeci�cation. They concluded that incorrect as-

sumptions on the random e�ects can lead to substantial bias in the MLEs for the �xed

e�ects. Agresti, Ca�o, and Ohman-Strickland (2004) conductedempirical studies on the

impact of model misspeci�cation for the random e�ects in GLMMs,showing that the MLEs

for the �xed e�ects can be very sensitive to the assumed random-e�ect model. Finally,

Liti�ere, Alonso, and Molenberghs (2007) used simulation to showthat the type I and type

II errors of tests for the mean structure in a logistic mixed model can be seriously a�ected

by violations of the random-e�ect model assumptions.

There are many inferential methods developed to avoid invalid inference due to random-

e�ects model misspeci�cation. For instance, Chen, Zhang, and Davidian (2002) developed

1



a seminonparametric approach to model random e�ects using a smooth density representa-

tion. Nonparametric approaches (Heckman and Singer, 1984) and use of normal mixtures

(Magder and Zeger, 1996) have been proposed to circumvent making restrictive paramet-

ric assumptions on the random e�ects. These nonparametric and semiparametric methods

typically involve intensive computation with a potential loss in e�ciency. Unlike parametric

approaches, the aforementioned methods often lack a naturallikelihood function, which is

useful for model selection, hypothesis testing, and variance estimation. Moreover, in some

applications the characteristics of random e�ects are of scienti�c interest in their own right,

which may not be explicitly explored if nonparametric or semiparametric methods are used.

Until now, there has been no diagnostic procedure developed todetect random-e�ect

model misspeci�cation in GLMMs. White (1981, 1982) studied the properties of MLE re-

sulting from a misspeci�ed model for the observed data and proposed an information matrix

test for general model misspeci�cation. While White's method is applicable for any model

in principle, it is complicated to implement and it does not provide direction of model cor-

rection when misspeci�cation is detected. Agresti et al. (2004)suggested comparing results

from both parametric and nonparametric methods, arguing that a substantial discrepancy

between the two analyses indicates model misspeci�cation.

The di�culty in detecting model misspeci�cation for the rando m e�ects is mainly due

to the obvious fact that there is no data realization or surrogate observation for the random

e�ects. Consequently, none of the traditional diagnostic techniques that rely solely on the

observed data can justify model assumptions for the random e�ects. In this paper, we

propose a novel parametric diagnostic method that makes use of both the observed data and

a reconstructed data set induced from the observed data, with computational complexity

comparable with that of GLMMs. The observed data, the construction of the reconstructed

data, and the models for these two data types are given in Section 2. In Section 3, test
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statistics are de�ned to assess the adequacy of the assumed random-e�ect model. In Section

4, we study the operating characteristics of the proposed test statistics via simulation. In

Section 5, we investigate the impact of additional misspeci�cation for the �xed-e�ect part of

the model on the proposed test statistics. In Section 6, we apply our diagnostic technique

to a data set from a longitudinal respiratory infection study. In Section 7, we provide a

summary discussion and address future research topics.

2. Data and Models

2.1 Observed Data

Herein we focus on clustered data with binary response. Extensions of the proposed

method to other types of response are discussed in Section 7. Denote byY i = ( Yi 1; : : : ; Yin i )
T

the ni � 1 vector of binary responses for clusteri , i = 1; : : : ; m: Consider the conditional

mean model de�ned by

E(Yij jX ij ; Z ij ; bi ) = h(X ij � + Z ij bi ); (1)

where � is a p � 1 vector of �xed e�ects, p < m; bi is a q � 1 mean-zero vector of random

e�ects, X ij is the j th row of the ni � p design matrix X i for the �xed e�ects, Z ij is the j th

row of the ni � q design matrix Z i for the random e�ects, for i = 1; : : : ; m, j = 1; : : : ; ni ;

and h(�) is a monotonic di�erentiable inverse link function. Our assumptions on the model

in (1) are that E(Yij jX ij ; Z ij ; bi ) = E(Yij jX i ; Z i ; bi ); for i = 1; : : : ; m; and that the link

function is appropriate for the data, thus the main concern is the choice of an assumed

random-e�ect model. Furthermore, them clusters are independent, and within clusteri ,

f Yij gn i
j =1 are independent givenbi : De�ne 
 as the r � 1 parameter vector that includes�

and the parameters in the assumed model forbi ; denoted by � : The contribution to the
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observed-data likelihood from clusteri is given by

f Y i
(Y i jX i ; Z i ; 
 ) =

Z
f b i

(bi ; � )
n iY

j =1

h(X ij � + Z ij bi )Yij f 1 � h(X ij � + Z ij bi )g
1� Yij dbi ; (2)

wheref b i
(bi ; � ) is the density function associated with the assumed model forbi : It is clear

from (2) that the quality of the MLE for � ; denoted by b� ; usually relies on the assumed

model forbi : Correct speci�cation of f b i
(bi ; � ) is a su�cient condition for b� being consistent.

In this paper, where asymptotic properties are concerned, werefer to the properties when

m ! 1 and the cluster size is bounded.

2.2 Reconstructed Data

Based on the observed data, we form a reconstructed data set by partitioning the ni

subjects within clusteri into Gi subgroups, fori = 1; : : : ; m; then we de�ne the new clustered

binary response for clusteri asY �
i = ( Y �

i 1; : : : ; Y �
iG i

)T ; whereY �
ig = 0 if all the Yij 's in subgroup

g of cluster i equal zero, andY �
ig = 1 otherwise, for g = 1; : : : ; Gi : Deduced from (1), the

conditional mean model forY �
ig is given by, for i = 1; : : : ; m and g = 1; : : : ; Gi ;

E(Y �
ig jX ij ; Z ij ; bi ; j 2 group g) = 1 �

Y

j 2 group g

�
1 � h(X ij � + Z ij bi )

	
;

where \
Q

j 2 group g" refers to the product taken over all subjects in subgroupg of cluster i: It

follows that the contribution of cluster i to the reconstructed-data likelihood is

f Y �
i
(Y �

i jX i ; Z i ; 
 ) =
Z

f b i
(bi ; � )

GiY

g=1

"

1 �
Y

j 2 group g

�
1 � h(X ij � + Z ij bi )

	
#Y �

ig

"
Y

j 2 group g

�
1 � h(X ij � + Z ij bi )

	
#1� Y �

ig

dbi : (3)

The subgroup composition will be detailed in Section 4.
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3. Diagnostic Method

3.1 Test Statistics

Denote by b
 and b

�

the MLEs for 
 based on the observed data and the reconstructed

data, respectively. Both estimators are consistent when the random-e�ect model is correctly

speci�ed, but not necessarily so otherwise. More importantly, aswill be shown in Section

3.2, in the presence of model misspeci�cation, the asymptotic means of b
 and b

�
, denoted

by e
 and e

�
; respectively, can di�er. This motivates an indicator of model misspeci�cation,

which is de�ned as

T2 =
m � r

r (m � 1)
( b


�
� b
 )T bV � 1( b


�
� b
 ); (4)

where bV is an estimator for the variance-covariance matrix ofb

�

� b
 : The derivation of

bV is given in Web Appendix A, where we show thatr (m � 1)(m � r )� 1T2 is a Hotelling's

T2 statistic, and T2 � F (r; m � r ) asymptotically under the null hypothesisH0 : e
 = e

�
:

Strong evidence againstH0 implies model misspeci�cation. When model misspeci�cation

exists, the MLEs for di�erent parameters in
 are a�ected di�erently, depending on how the

assumed model compares to the true model. To study how di�erent ways of misspecifying

model can in
uence di�erent parameters, we de�ne another teststatistic to compare two

MLEs for any one parameter based on two data types,

t � = ( b� � � b� )b� � 1; (5)

where� denotes any one element in
 ; b� and b� � are the MLEs for� based on the observed data

and the reconstructed data, respectively, andb� 2 is the diagonal element ofbV corresponding

to �: By the construction of t � and b� 2; t � follows a Student'st distribution with m� r degrees

of freedom asymptotically under the null hypothesisH �
0 : e� = e� � ; where e� and e� � are the

elements in e
 and e

�

corresponding to�; respectively.

In summary, T2 in (4) is a global test statistic that assesses the overall discrepancy
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between the MLEs for
 based on two data types, andt � in (5) is an individual test statistic

that evaluates the disparity between the MLEs for a particular parameter computed from

two data types. As demonstrated in Section 4, the global test can provide evidence of model

misspeci�cation, and the individual test can suggest which type of misspeci�cation occurs.

An alternative global test statistic for H0 can be constructed by combining ther indi-

vidual t � 's following the approach described in Wu, Genton, and Stefanski (2006), which is

referred to as the pooled component test (PCT) statistic. PCT ismotivated by and designed

for testing the equality of two mean vectors whenr > m . It was shown that whenm > r;

as in the scenarios we consider here, PCT performs similarly as the Hotelling's T2 test.

3.2 Theoretical Justi�cation

Under the conditions given in White (1982),b
 converges almost surely toe
 asm ! 1 ;

where e
 minimizes the Kullback-Leibler information criterion de�ned by

lim
m!1

EY j X ; Z

�
log

gY (Y jX ; Z; 
 0)
f Y (Y jX ; Z; 
 )

�
;

in which Y = f Y i gm
i =1 ; X = f X i gm

i =1 ; Z = f Z i gm
i =1 ; gY (Y jX ; Z; 
 0) is the true density of

Y given X and Z; 
 0 is the parameter vector associated with this true model, and the

expectation is taken with respect to the true distribution. Equivalently, e
 solves

lim
m!1

EY j X ; Z

�
(@=@
 ) log f Y (Y jX ; Z; 
 )

	
= 0: (6)

Similarly, b

�

converges almost surely toe

�

as m ! 1 ; and e

�

is uniquely determined by

lim
m!1

EY � j X ; Z

�
(@=@
 ) log f Y � (Y � jX ; Z; 
 )

	
= 0; (7)

where Y � = f Y �
i gm

i =1 : We next compute e
 and e

�

to justify the theoretical motivation of

the proposed test statistics.

There are many possible ways that one may misspecify the model forthe random e�ects

bi : To provide a concrete presentation of the impact of random-e�ect model misspeci�cation
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on e
 and e

�
; we focus on the logistic model considered by Heagerty and Kurland (2001)

with conditional mean model

E(Yij jX ij ; bij ) =
�

1 + exp(� � 0 � � 1X ij; 1 � � 2X ij; 2 � � 3X ij; 1X ij; 2 � bij )
	 � 1

; (8)

where X ij; 1 = x i represents a between-cluster covariate that takes values either 0 or 1,

X ij; 2 = ( j � 1)=(ni � 1) is a within-cluster covariate, andbij is the random e�ect, for

i = 1; : : : ; m and j = 1; : : : ; ni : The true regression parameter values are,� 0 = � 2; � 1 = 1;

� 2 = 0:5; and � 3 = � 0:25: Suppose that one always assumesbij = bi 0; wherebi 0 � N (0; � 2
0);

for i = 1; : : : ; m and j = 1; : : : ; ni : For the truth regarding bij ; we consider the following

four cases, (I):bij = bi 0 = � (ai � � )=
p

�; where ai � gamma(�; 1); � = 3; and � = 1;

(II): bij = bi 0; where [bi 0jx i = 0] � N (0; � 2
00) and [bi 0jx i = 1] � N (0; � 2

01); � 00 = 3 and

� 01 = 0:5; (III): bij = bi 0 + bi 1X ij; 2; where bi 0 � N (0; � 2
0) is independent ofbi 1 � N (0; � 2

1);

� 0 = 0:5; � 1 = 2 ; (IV): cov( bij ; bik ) = � 2� j j � kj ; where� = 3 and � = 0:5: That is, we assume

a normal random-intercept logistic model while the truth is that, the random intercept is

non-normal, or it depends on a covariate, or there is a randomslope in addition to the

random intercept, or the random e�ects are autocorrelated.We follow the settings used in

Heagerty and Kurland (2001) and choose speci�c parameter values in each case to create

situations where moderate to severe bias is observed in some elements in b
 : It is possible in

practice that more than one type of misspeci�cation occurs, butwe choose herein to study

cases (I){(IV) individually. The results from our case-by-case investigations can shed light

on the more complex cases. For ease of exposition, we assume in this subsection that ni = n

and Gi = G; for i = 1; : : : ; m:

To solve (6) and (7), we exploit the approach of using arti�cialsample described in

Rotnitzky and Wypij (1994) and also used by Heagerty and Kurland(2001). For example,

in solving (6), the arti�cial sample consists of 2n distinct combinations, indexed byl; of

zeros and ones in ann � 1 binary response vector. For the logistic model in (8), the distinct
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�xed-e�ect design matrices includeX (1) = [ 1 0 S 0] and X (2) = [ 1 1 S S]; where1

is the n � 1 vector of ones,0 is the n � 1 vector of zeros, andS = (0 ; 1=(n � 1); 2=(n �

1); � � � ; 1)T : Assuming equal proportions of clusters with design matricesX (1) and X (2) ;

the solution to (6) maximizes the following weighted log likelihood over 
 ;

2nX

l=1

n
� (1) (Y l ) log f Y l

(Y l jX (1) ; 
 ) + � (2) (Y l ) log f Y l
(Y l jX (2) ; 
 )

o
; (9)

wheref Y l
(Y l jX (k) ; 
 ) is given by (2), and� (k)(Y l ) = g(Y l jX (k) ; 
 0), for k =1, 2.

Because it is extremely tedious to analytically derive the 2n+1 probabilities, � (k)(Y l );

for k = 1; 2 and l = 1; : : : ; 2n ; we resort to the Monte-Carlo method described in Hea-

gerty and Kurland (2001). This method estimates each of the two sets of probabilities,

f � (1) (Y l )g2n

l=1 and f � (2) (Y l )g2n

l=1 ; via a random sample of sizeQ: For instance, to estimate

� (1) (�); we generateQ vectors of clustered response from the true GLMM evaluated atX (1) ;

and use the sample proportion ofY l to estimate � (1) (Y l ); for l = 1; : : : ; 2n : In the subsequent

results, we setn = 8 and Q = 109: To perform the necessary integration, we use a 50-point

Gauss-Hermite quadrature to approximate (2) when computingf Y l
(Y l jX (k) ; 
 ): In order to

determine the size ofQ to ensure desired precision in estimating� (k)(�); and to determine

the number of quadrature points needed to achieve a reasonable approximation to the inte-

gral, we experiment on a �fth case, case (V), where the true and the assumed random-e�ect

models coincide, that is,bij = bi 0 � N (0; � 2
0); where� 0 = 3: Obviously, e
 � 
 0 in case (V).

When n = 8; with Q = 109 and with 50 quadrature points in the Gauss-Hermite quadrature

approximation, we �nd the di�erence between the e
 obtained from this algorithm and 
 0

to be virtually negligible, suggesting that the algorithm produces very accurate and precise

solutions to (6).

Applying the same algorithm on the reconstructed data withG = 2, we compute e

�

by
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maximizing

2GX

l=1

n
� (1) (Y �

l ) log f �
Y �

l
(Y �

l jX (1) ; 
 ) + � (2) (Y �
l ) log f Y �

l
(Y �

l jX (2) ; 
 )
o

; (10)

where f �
Y �

l
(Y �

l jX (k) ; 
 ); for k = 1; 2, is de�ned in (3). Strictly speaking, because the true

probabilities that specify the distribution of Y given X , � (k)(�); are estimated, e
 and e

�

so obtained are still estimators instead of the limiting MLEs that solve (6) and (7). But as

reinforced by our �ndings from case (V), the algorithm yields only very little variability, thus

the solutions to (6) and (7) found from this algorithm are closeenough to the true values of

e
 and e

�

to truly re
ect the impact of model misspeci�cation.

Table 1 presentse
 and e

�

under cases (I){(V). According to Table 1, except for case

(V) where e
 = e

�

= 
 0; most of the elements ine
 and e

�

exhibit moderate to large bias.

More importantly, in each case of model misspeci�cation,e
 and e

�

are a�ected di�erently.

The test statistics de�ned in (4) and (5) are constructed to assess how much e
 and e

�

di�er,

overall or elementwise, and by so doing, detect model misspeci�cation.

4. Finite Sample Performance

4.1 Simulation Study

We now present the �nite-sample performance of the proposed teststatistics via simula-

tion. In the simulation, 300 Monte-Carlo replicated data setsare generated from the logistic

model in (8) with the random e�ects generated according to cases (I){(V). Each data set

consists ofm = 300 clusters, each of sizen = 8: To create the reconstructed data, we �rst

sort the subjects within a cluster by the values ofX ij; 2; then we divide the sorted data in

each cluster intoG equal subgroups. This subgroup composition, referred to as homogeneous

composition henceforth, maximizes the between-subgroup variation and yields more e�cient

MLEs based on the reconstructed data. We setG = 2 for all cases except for case (IV),

where we setG = 4: The choice ofG will be elaborated in the next subsection.
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Based on each Monte-Carlo replicate, we computeb
 ; b

�
; and the proposed test statistics.

The Monte-Carlo averages ofb
 and b

�

(not shown) resemble the results in Table 1. The

empirical powers and sizes of the test statistics are presented inTable 2, with signi�cance

level equal to 0.05. The results from case (V) suggest that the test statistics have sizes close

to the nominal level. When misspeci�cation occurs,T2 shows promising power, and at least

one of thet � 's tends to be signi�cant. Furthermore, combining the resultsin Tables 1 and 2,

it appears that t � tends to be signi�cant more often whene� deviates further from the truth.

It is not meaningful to compare the MLEs or the test statistics among di�erent types

of model misspeci�cation because the in
uences of di�erent model misspeci�cations are not

always comparable. For instance, one cannot conclude, by comparing the results from cases

(I) and (II) in Table 2, that the test statistics have more power to detect the second type

of misspeci�cation than the �rst type. Within each of the four ty pes of misspeci�cation,

we monitor the changes int � and T2 as the misspeci�cation becomes more severe. In what

follows, we report in details the results for case (III), when there is a random coe�cient bi 1

for the within-cluster covariate in the true model. Fixing the variance component forbi 0 at

� 2
0 = 0:25; we raise the variance component forbi 1 by increasing� 1 from 0.5 to 3 so that

the assumed random-intercept model deviates further from thetrue model gradually. The

observed empirical powers of the test statistics whenm = 100 and 300 are given in Table 3.

It is evident from Table 3 that, as the misspeci�cation becomesmore severe, the power ofT2

increases quickly, so do the powers oft � 0 and t � 2 , even when the sample size is moderate. On

the other hand, when the misspeci�cation has only a small e�ect on the estimators, the test

statistics are much less signi�cant. We have observed the same phenomenon for the other

three cases, except that the pattern oft � 's di�ers from case to case, where the pattern is in

terms of whicht � tends to be more signi�cant. Overall, the study on the power suggests that

T2 can have success in detecting random-e�ect model misspeci�cation, andt � can distinguish
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among di�erent types of misspeci�cation.

4.2 Implementation Details

The results in Table 2 reveal that the pattern regarding the magnitude of t � 's depends on

the nature of the model misspeci�cation. When the distributionfamily of a random e�ect is

misspeci�ed, thet � for the corresponding variance component tends to be signi�cant. If the

variance of the random intercept depends on a covariate, or arandom slope for a covariate is

missing from the assumed model, then thet � associated with that covariate will stand out as

being signi�cant. Lastly, signi�cant t � 's for the �xed intercept and the variance components

can be evidence of misspecifying the correlation structure of the random e�ects. Based on

such knowledge, we propose a two-step diagnostic method to detect random-e�ect model

misspeci�cation. In the �rst step, one tests globally the existence of model misspeci�cation

via T2: If T2 is not signi�cant, then one may conclude lack of su�cient evidence of model

misspeci�cation. Otherwise, one executes the second step, whereindividual t � is inspected.

The pattern of the t � values will provide clues regarding the type of model misspeci�cation.

The operating characteristics of the proposed test statistics are a�ected by the subgroup

composition. Because the data reconstruction causes loss in information, which can lead

to unreliable inference and degrade the proposed testing procedure, we recommend use of

homogeneous composition whenever possible to minimize the information loss. As for the

number of subgroups in a cluster,G, we �nd in cases (I){(IV) that smaller G(� 2) results

in larger discrepancy betweene
 and e

�
: Therefore, with moderate or large samples, we

suggestG = 2 in order to magnify the e�ect of model misspeci�cation. One exception is that,

when the random e�ects are autocorrelated, largerG(< n ) leads to higher power especially

with small or moderate samples. This is expected in �nite samplessince to detect special

correlation structure within a cluster requires more information per cluster. In summary,

when creating the reconstructed data, unless one suspects autocorrelated random e�ects,
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or when m or n is small, one should setG = 2 to maximize the power of the tests, and

homogeneous composition is always preferable. To preserve the nominal size of the tests

depends more on the size ofm than the choice ofG. Under the current simulation setting,

the type I errors of the tests remain close to the nominal level whenm > 50: As a preliminary

check of whetherm is large enough for the testing procedure to be reliable, one can estimate

the variance of b
 and b

�

�rst to see whether or not they are terribly variable.

We explore an alternative strategy of creating reconstructeddata where we keep a fraction

of the data within each cluster. Note that the likelihood for the reconstructed data so

obtained has the same functional form as that for the observed data. In contrast, the

likelihood function for our reconstructed data and the likelihood for the observed data have

di�erent functional forms. Such nontrivial di�erence results in e
 and e

�

far more distinct

than those resulting from the alternative strategy when there exists model misspeci�cation.

And substantial distinction betweene
 and e

�

is the key to detecting model misspeci�cation.

Simulation studies (not shown) show that the power of the test statistics under the alternative

strategy is much lower than that under the strategy used in this paper.

5. Additional Fixed-e�ect Misspeci�cation

Besides misspecifying the random e�ects, one may as well misspecify the �xed-e�ect part

of the GLMMs. To investigate the characteristics of the test statistics in the presence of

both sources of misspeci�cation, we design experiments where di�erent types of �xed-e�ect

misspeci�cation interact with the random-e�ect speci�cation given by cases (I){(V). Exam-

ples of �xed-e�ect misspeci�cation considered in our experiments include misspecifying the

functional form of a covariate, missing a between- or within-cluster covariate, and missing

the interaction of two covariates. In all the interactions wehave studied, we observe amazing

robustness of the test statistics to the additional �xed-e�ect misspeci�cation. One notewor-

thy phenomenon is that, when the random e�ect is correctly speci�ed as in case (V),T2 and
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all t � 's remain mostly insigni�cant despite the �xed-e�ect misspeci�cation.

Figure 1 depicts the results from one of these experiments, where we consider the random-

e�ect speci�cation in cases (III) and (V), and assume the conditional mean model given by

E(Yij jX ij ; bij ) =
�

1 + exp(� � 0 � � 1X ij; 1 � � 2X ij; 2 � bij )
	 � 1

;

while the truth is E(Yij jX ij ; bij ) =
�

1+exp(� � 0 � � 1X ij; 1 � � 2X 2
ij; 2 � bij )

	 � 1
; where� 0 = � 2;

� 1 = 1 and � 2 = 0:5 or 2. Figure 1 (a) and (b) show that, whether or not the random-

e�ect model is misspeci�ed, misspecifying the �xed e�ect leads to biased MLEs. However,

Figure 1 (c) and (d) suggest that �xed-e�ect misspeci�cation haslittle impact on T2: More

interestingly, under the correct model for the random e�ect,almost all T2 fall below the

critical value even when the �xed e�ect is misspeci�ed.

A closer look ate
 and e

�

reveals that the impact of random-e�ect model misspeci�cation

on e

�

� e
 dominates that of �xed-e�ect misspeci�cation. That is, if the � xed e�ect is

misspeci�ed, b
 and b

�

change more similarly than the way they change due to random-e�ect

model misspeci�cation. Consequently, the test statistics are usually robust to �xed-e�ect

misspeci�cation. This allows one to test the random-e�ect speci�cation and �xed-e�ect

speci�cation separately by �rst using our diagnostic method to check the random-e�ect

assumptions, then applying other tests on the �xed e�ects. The diagnosis in the �rst step is

fairly robust to the �xed-e�ect speci�cation yet to be justi�ed in the second step.

6. Application to Respiratory Infection Data

We now apply the proposed diagnostic method to the data analyzed using semiparametric

regression in Lin and Carroll (2001). The data is from a study where preschool children

were examined every three months for 18 months for the presence of respiratory infection,

which recorded each child's age at the beginning of the study,gender, height, season when

the examination took place, presence of respiratory infection, etc. The subsequent analyses

13



use a subset of the data from 192 children who were examined at least four times in the

study. The response variable of interest is the binary variable,Yij ; which equals one if

child i had symptoms of respiratory infection during examinationj , and zero otherwise, for

i = 1; : : : ; 192 andj = 1; : : : ; ni , whereni ranges from 4 to 6.

Based on our preliminary analysis and the analysis presented in Lin and Carroll (2001),

we �rst posit a conditional mean model given by, fori = 1; : : : ; 192 and j = 1; : : : ; ni ;

E(Yij = 1jbi 0) =
�

1 + exp(� � 0 � � 1bslagei � � 2seasonij � bi 0)
	 � 1

; where \bslage" is de�ned

as [f baseline age (in months)� 36g=12]3; andbi 0 is the normal random intercept with variance

� 2
0: The reconstructed data hasGi = 2 subgroups within each child, fori = 1; : : : ; 192; created

using homogeneous composition according to season. Depending on ni ; the subgroup size

can be 2 or 3. The MLEs,b
 and b

�
; and the test statistics are computed for this normal

random-intercept logistic model. Thep-value for the resultantT2 is 0.01, indicating strongly

that there exists model misspeci�cation. Moreover, the valuesof t � 0 and t � 2 are highly

signi�cant, with p-values 0.001 and 0.008, respectively. This leads us to consider another

logistic model with a random slope for \season" given by

E(Yij = 1jbij ) =
h
1 + exp

�
� � 0 � � 1bslagei � (� 2 + bi 1)seasonij � bi 0

	 i � 1
; (11)

wherebi 1 � N (0; � 2
1): We �nd b� 2

0 under (11) nearly zero. Hence we dropbi 0 from (11) and

�t a normal random-slope logistic model. This model results in aT2 with p-value 0.09.

Using 0.05 as the signi�cance level, we conclude that there is not su�cient evidence of

model misspeci�cation for the normal random-slope model. We also conduct the variance

component test developed by Lin (1997). Lin's test for the normal random-slope model

suggests that the variance component for the random slope is highly signi�cant, with p-

value less than 0.001. Table 4 presents the MLEs and the test statistics from the analyses

on the normal random-intercept model and the normal random-slope model.

It is worth pointing out that, in Table 4, the values of t � 0 and t � 2 in the normal random-
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slope model are much less signi�cant than their counterparts inthe normal random-intercept

model, but they still exceed in absolute value the critical value (� 1:97) at 0.05 signi�cance

level. However, we do not view this as su�cient evidence of model misspeci�cation because

the global test statistic T2 for the normal random-slope model is not signi�cant. If one

intends to conclude model misspeci�cation if at least onet � is signi�cant, then one is con-

ducting multiple comparisons. To control the familywise type Ierror in multiple comparisons

at 0.05, the critical value for t � should be higher (in absolute value) than 1.97. We do not

pursuit the issue of multiple comparisons in this paper.

If one is concerned about the signi�cantt � 0 and t � 2 ; or the nearly signi�cant T2 for

the normal random-slope model, one may continue to search for more appropriate assumed

model of the random coe�cient for \season." For instance, we explore the assumed model

for bi 1 specifed by the �rst-order seminonparametric density (Chen et al. 2002), which is

given by f bi 1 (bi 1; � ) = f a0 + a1� � 1 (bi 1 � � )g2 � � 1� f � � 1(bi 1 � � )g ; where� (�) is the standard

normal density function,a0 = sin( ! ); a1 = cos(! ); ! 2 (� �= 2; �= 2]; � > 0; � = ( !; � )T ; and

lastly, � = � 2�a 0a1 so that E(bi 1) = 0 : The estimate for � 2
1 = var( bi 1) is a function of the

estimated � ; and we use the Delta method to obtain a variance estimator forb� 2
1; and also

the variance estimatorb� 2 needed int � 2
1
: As shown in Table 4, none of thet � 's is signi�cant

when the assumed model for the random slope is more 
exible.

7. Discussion

We focus on clustered binary response data and propose a two-step diagnostic method to

detect random-e�ect model misspeci�cation in GLMMs. This method utilizes both the

observed data and a reconstructed data created from the observed data. It will fail if b
 and

b

�

are both inconsistent due to model misspeci�cation yet they converge to the same limit

asm ! 1 : We have not encountered such case so far. We have investigated a wide range of

GLMMs relevant in practice, and found that the proposed method can be very e�ective in
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detecting random-e�ect model misspeci�cation, and moreover, in directing model selection.

The intriguing robustness of the proposed test statistics to �xed-e�ect misspeci�cation

calls for more thorough exploration on the property of MLE under model misspeci�cation

with di�erent data structure. Better understanding of this may suggest ways to improve the

testing procedure, and even lead to a more sophisticated way to detect random-e�ect model

misspeci�cation and �xed-e�ect misspeci�cation separately in a uni�ed framework.

We are currently investigating generalization of the proposed method to the nonlinear

mixed models for other types of non-normal response. The use of reconstructed data is a novel

idea that we have not seen being studied in the literature. Thisidea has the potential to test

statistical assumptions that have been claimed to be \not testable" due to lack of observed

data on latent or missing quantities, such as assumptions on missing data mechanism. In

conclusion, the use of reconstructed data is a topic worth further investigation.

8. Supplementary Materials

Web Appendix A referenced in Section 3 is available under the Paper Information link at

the Biometrics websitehttp://www.biometrics.tibs.org .
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Table 1
The limiting maximum likelihood estimators based on the observed data and the

reconstructed data when assuming normal random intercept,bij = bi 0 � N (0; � 2
0); in the

logistic model in (8). Five cases, (I){(V), of the true random-e�ect distribution are
considered. The numbers in the parentheses are the associated relative bias de�ned by
100� ( �� � � 0)=� 0; where �� denotes the limiting maximum likelihood estimator for a

parameter in the assumed random-intercept logistic model,and � 0 is the true value. The
true values of the regression parameters are� 0 = � 2; � 1 = 1; � 2 = 0:5; and � 3 = � 0:25:

� 0 � 1 � 2 � 3 � 0

(I)
Observed data � 2:70 (35.20) 1:03 (3.19) 0:48 (� 3:40) � 0:23 (� 7:47) 3:16 (5.47)
Reconstructed � 2:61 (30.39) 0:91 (� 8:54) 0:44 (� 11:10) � 0:19 (� 23:45) 2.34 (� 21:90)
(II)
Observed data � 1:48 (� 26:20) 0.27 (� 72:66) 0.39 (� 21:30) � 0:10 (� 58:70) 1.58 ({)
Reconstructed � 1:85 (� 7:42) 1.08 (7.97) 0.32 (� 36:90) 0.06 (� 123:31) 1.52 ({)
(III)
Observed data � 2:31 (15:41) 1.15 (14.79) 1.22 (144.69) � 0:60 (139.96) 1.02 ({)
Reconstructed � 1:99 (� 0:67) 1.17 (17.17) 0.50 (0.87) � 0:76 (205.64) 0.84 ({)
(IV)
Observed data � 0:98 (� 50:80) 0.49 (� 50:54) 0.31 (� 38:31) � 0:16 (� 37:86) 0.74 (� 25:67)
Reconstructed � 1:06 (� 46:78) 0.46 (� 54:41) 0.25 (� 50:19) � 0:15 (� 41:16) 0.60 (� 79:99)
(V)
Observed data � 2:00 (0.00) 1.00 (0.00) 0.50 (0.00) � 0:25 (0.00) 3.00 (0.00)
Reconstructed � 2:00 (0.00) 1.00 (0.00) 0.50 (0.00) � 0:25 (0.00) 3.00 (0.00)

(I): bij = bi 0 = � (ai � � )=
p

�; where ai � gamma(�; 1); � = 3 ; and � = 1 :
(II): bij = bi 0; where [bij jX ij; 1 = 0] � N (0; � 2

00) and [bij jX ij; 1 = 1] � N (0; � 2
01); with � 00 = 3 and

� 01 = 0 :5:
(III): bij = bi 0 + bi 1X ij; 2; where bi 0 � N (0; � 2

0); bi 1 � N (0; � 2
1); � 0 = 0 :5; � 1 = 2 ; and bi 0 is

independent ofbi 1:
(IV): Random e�ects are autocorrelated with cov( bij ; bik ) = � 2� j j � kj ; where � = 3 and � = 0 :5:
(V): bij = bi 0 � N (0; � 2

0); where � 0 = 3 :



Table 2
The empirical powers and sizes oft � and T2 from 300 Monte-Carlo replicated data sets,

each withm = 300 clusters, and the cluster size isn = 8: Assume a normal
random-intercept logistic model. The true random-e�ect models are speci�ed in cases

(I){(V).

t � 0 t � 1 t � 2 t � 3 t � 0 T2

(I) 0.04 0.03 0.05 0.06 0.72 0.66
(II) 0.70 0.87 0.07 0.06 0.06 1
(III) 0.61 0.04 0.76 0.08 0.19 0.95
(IV) 0.22 0.05 0.05 0.04 0.64 0.99
(V) 0.03 0.05 0.05 0.06 0.04 0.03

(I): bij = bi 0 = � (ai � � )=
p

�; where ai � gamma(�; 1); where � = 3 ; and � = 1 :
(II): bij = bi 0; where [bij jX ij; 1 = 0] � N (0; � 2

00) and [bij jX ij; 1 = 1] � N (0; � 2
01); with � 00 = 3 and

� 01 = 0 :5:
(III): bij = bi 0 + bi 1X ij; 2; where bi 0 � N (0; � 2

0); bi 1 � N (0; � 2
1); � 0 = 0 :5; � 1 = 2 ; and bi 0 is

independent ofbi 1:
(IV): Random e�ects are autocorrelated with cov( bij ; bik ) = � 2� j j � kj ; where � = 3 and � = 0 :5:
(V): bij = bi 0 � N (0; � 2

0); where � 0 = 3 :.
Note: Powers greater than 0.10 are in boldface.



Table 3
The empirical powers oft � and T2 from 300 Monte-Carlo replicated data sets, each with
m = 100 or 300 clusters, and the cluster size isn = 8: Assume normal random-intercept

logistic model. The true random-e�ect model is given bybij = bi 0 + bi 1X ij; 2; where
bi 0 � N (0; 0:52); bi 1 � N (0; � 2

1); and bi 0 is independent ofbi 1:

m � 1 t � 0 t � 1 t � 2 t � 3 t � 0 T2

100 0.5 0.04 0.05 0.06 0.06 0.14 0.14
1 0.08 0.06 0.09 0.06 0.11 0.15
2 0.31 0.05 0.35 0.04 0.05 0.49
3 0.56 0.04 0.69 0.06 0.12 0.84

300 0.5 0.06 0.06 0.07 0.06 0.08 0.13
1 0.13 0.03 0.19 0.04 0.03 0.23
2 0.57 0.04 0.74 0.07 0.20 0.94
3 0.94 0.04 0.98 0.09 0.32 1



Table 4
The maximum likelihood estimates in the logistic mixed model for the indicator of presence
of respiratory infection and the test statistics. The numbersin the parentheses next to the

maximum likelihood estimates are the sandwich-type estimated standard errors for the
maximum likelihood estimates. The numbers in the parentheses next to the test statistics are
the associatedp-values. The notation \SNP" refers to the �rst-order seminonparametric.

Observed data Reconstructed data t � T2

Normal � 0 � 2:57 (0.33) � 1:88 (0.40) 3.20 (0.001) 3.24 (0.01)
random-intercept � 1 � 0:04 (0.02) � 0:04 (0.02) � 1:08 (0.281)

logistic model � 2 � 0:09 (0.10) � 0:38 (0.16) 2:66 (0.008)
� 2

0 0.89 (0.45) 0.90 (0.59) 0.01 (0.995)

Normal � 0 � 2:07 (0.27) � 1:47 (0.39) 2.34 (0.02) 2.08 (0.09)
random-slope � 1 � 0:04 (0.02) � 0:04 (0.02) 1.24 (0.21)
logistic model � 2 � 0:29 (0.14) � 0:59 (0.21) � 2:06 (0.04)

� 2
1 0.12 (0.07) 0.18 (0.12) 0.66 (0.51)

SNP � 0 � 2:05 (0.29) � 1:40 (0.47) 1.70 (0.09) 1.81 (0.11)
random-slope � 1 � 0:04 (0.02) � 0:04 (0.02) 0.98 (0.33)
logistic model � 2 � 0:34 (0.22) � 0:70 (0.40) � 1:10 (0.27)

� 2
1 0.22 (0.26) 0.37 (1.01) 0.15 (0.88)
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Figure 1. Plots (a) and (b) are b� 0 under the wrong �xed-e�ect speci�cation versusb� 0 under
the correct �xed-e�ect speci�cation for case (III) [� ] and case (V) [M]. Plots (c) and (d) are
T2 for the wrong �xed-e�ect speci�cation versus T2 for the correct �xed-e�ect speci�cation
under case (III) [� ] and case (V) [M]. The dashed reference lines in (a) and (b) are at the true
value of � 0: The dashed reference lines in (c) and (d) are at the 95th percentile of F (4; 296):
The solid diagonal lines in all plots are the lines with slope one and intercept zero. The
plotted results are from 50 Monte-Carlo replications randomly selected from a total of 300
Monte-Carlo replications.


