5-5- T'«e, EXBQC_"‘&J Vddu& o-p a Func."h'cnﬁ
O'Fl o _Rcula(om Ve ctor

:Qg_,__'ﬂ\: Let (Y‘,Yz.}...) \/k) be Jon‘nﬂ‘/ discrete

r.v.'s ka.vir\j JoinT Fm-F F(H‘)‘al)"')jk)- Then for

Some  function 3(\“)‘1,_)_”)\{‘:):

_S{mi\qr\7 e | . i i l
\ ) o\n 7 ContTlnueusS 1r.v. s (YI \[k)
with jof\rd' FCLP 'F('al) oy ‘Jk) : 1™

~These e.xrec:l‘ei values exist if +the muH‘l‘ple
SUm (“V\+¢ﬁ‘“"0 (S Q\oSolu.'lLe(y Convefje-"d--
_Excmele, 7: Consider a Fr‘o::lu.c;" Hriat contrins
im‘;uri‘i'iﬁs) some ‘I‘Dxic_ and Seme nontoxic . Let
\/‘:.-Hm’; Froror‘f‘l‘bn o-p ac Sd_wuf:»le_ o‘p ‘H\e_ Fr*oclu.c_"‘
Hk"d‘ 1S i"“f‘*re. L@:\— 77, re.rrese,rd' ‘Hﬂ& Fl’vror‘ﬁon
O’C ﬁ\e, lmpur:'}'le;s_ ‘H/\Qj— are '}“DXI-C.. T he J'c:l'n'f'
Folxc of Y\ "J"L‘L 1o is:

2(1-4), O=42|, 0=Ys%]

£l = § 20T 0fgel, osy

elsewhere

F\‘vxﬂl -l—L\e, e.xredul Ff‘ol:or‘h‘on o-\c :H«e. S&M'P{E._a[
Froa\uCt Cen'l‘kim'nj toxic iMPl«LY‘f‘H&S.




l/Je wam"'

— Given the jo{n'\' Fo\ﬂ we can find e_xfaec_i‘e;!

Va_luCS o-F -Fu.nc_‘HOﬂS O"F \/| Q—IOH& or Yz_ q_lone_
as we.“.

Exangle: E(1) = C C . £l3,9.) dy, dya

- O

U.\M‘g s -H\e Same ag Sz Lal-Fl (j‘> 431) wLere_
£04) is the wargindl df of %1

Silerty’ EOB) = § 04,4 dydya

-&

V(YL):" Sw gm [‘a:_'E(\/;L)]z‘(:(gl)‘Jz) Clgl ‘132-) e,

5.6 SfLe.cia..l Ex!oe_d‘eal Vqluesﬁ
Theorem: ITf ¢ is a constant, then E()= c .

Theorem: Tf 3(7.) Ye_) is a function of ruv's Y,
G.,V\A Ya,) OLY\(:l C 1S a C-OHS‘I"-“'I—) ‘qu,y\:




Theorem : I‘F ﬁt(\{l)\/z_>J...) jk(‘/u)‘/z,) are severq.l
Lunctions ouc -Hf\e rv.'s \/I and Yz) -er.n

~The Pr‘oa'FS are swmilar +v those n +he

univariate case.

Example 7 aqain; Reeall VY, and Y, have joint
F&F

amo\ Marﬂu'nally) Y. ~ Leﬂ‘a. (2.)?_) a.nal \fz_fv betn (3, D,
Fi“c'l E(YL_YI) .

One &Frroul\ s o in-l-ejroj’e usu‘nj the Jofn"’ FJ‘F:

Or note:

Theorem: T+ \/‘j\/z_ are ino(efe.m[en-l' ~v.)'s  and
3(\{1) is a function of \f| alone and L\(Y,_)

S a 'Fu-V\G‘HD"\ O'F Y q,lahe) +hen

Proviolul -Hne Qxfed‘?_c{ values exist.



Proof (continuous case):
reot

_Tlﬂﬁ fr‘oo‘p IS similar ‘n +he cil‘sc_re'f‘e case.,

Coro”ox\'{‘- If Y, and Yo are ind endent Hen
E(Yl\[z_) - E(\/l) E(Y?-) ef ’

Proof :

Exqwmlﬂ 9 aqain T+ is easy +o .
. ! y see (by factor,
e joint pdf) that ¥V ad (by ]

Yz_ are  ind cl T
ond  have mu‘jim.l Fc{.pss Ind Ependen

—We can eags||7 +hen o E(Y|Y7.>
Showing  E(,) E(Y2) = (L) (1) = -

(V&riﬂr as an e,xercfseb

by

©



F. Covariance of Two Randem Variables
_.que, covariance between Y. and V.,  measures
how +he 4wo variables tend o vary {-oge:Haer
({r\ a M ma.nm'_r),

DQ‘FV\: Tt Y. and Y, are rv.'s uun"Hf\
re,s\aecfl‘ive, means M, and HMa. | +hen :

cov (Y\)\/z.) =
No“’?.'- CoV (Y;,\/z) =
S\nce

CoV (Y,)Yz_\ >0 imr‘fes \/l and Yz. are
_{rJoSiH Ue,\\-lL_ ll‘nearly re,la.'fd (GLS YI Increases
¥, 4ends +o increase). ’
coN (‘i,) YZ—) <0 implies ¥, and Ty are n%q+ivel¥_
lineat‘l\’ related («s v, increases, ¥, tends o

de_c_v-e_a_se) cu\cl Vice vexsal) .

Cov (Yl) Yz) =) imP\ieS no linear association

betuess Y,
-Note: It is C'e,q_r from +he ole.'pfm"h'on +hat
Cov (\/1)\{‘) —



~T+ is hard —I-oJ‘uwlje. +he strength of +he

linear asseciation LLSinj +ie covariance
S\nce ‘H'\Q. Covari|ancCe c:‘&Fer\g[s on +he ScaJe_
of measurement.

- We O‘F"I'&h use a Shnciq_r*alized. version cq“eJ
-H,\e Corre,\efhoj_\ c,oe-p-pic.im‘t' (cleno+ea\ |==7 f‘)

- T4 s &lways true +that -l =p = l) so
values of (° near | (or near --D l‘na(icgd‘e
o S'\TOV\} roSi‘HVﬂ (or‘ h%a"‘i\/&) lina._r‘
association .

Lemma (Cauchy - Schwarz Ineiwml l'+7>:

let U and V be ru's with E(u"5<oo and
E(VL) <oo. Then

-Thiec I8 o Pq_r-\-icular case of a standard
result Lrom colewlus.

Proof +hat ~lE FE ks ot




Exoaple 7 again: WC(WJQ'{GH‘ O <as |
0

‘ WL\CJ”
Find cov (Y, \f) and  find P. e
-We have Se.en Hhat M‘U‘jm‘k“y) \f, ~ beta (?_) 2.)
and Y, ~beta (3,1) and so

- So there is a | inear
assSeciation ke:lwt&n Y| Qf\ﬂl Yy_.




Tlf\eore@_ (Inolefe.«ncle«ﬂce. and Cova.r*idmce):

Tf ‘/l and V1o @re l'nolef&ndlen'i'J +hen
(a.mo\ ‘de )

Proof

—————————————

- The converse s not 4rue: Two rv.'s could
have Covariance 7Zero \,d' S‘H“ be alefemierd‘

EX«m?l&: Let Y, ~ L[M'F("l,l) and let
\/7_ - le. Tke—"\




