‘i:.é- 'T'l\e Gamma -.DI\S"I—I'I.L)LL""{O;-\ aLVlA
Related Distributions
"Many variablee have distributions Fhat are
honr\eaad‘ive- and Skeweé “+o the y-,‘jld-
(loﬂj rij'«‘*' 'l‘q':l),
Emep\eS‘- —Li@e\enj'HnS o-p mo.nu-ﬁc:l'urei qu'\'s

-—Lenj'HnS of +ime between arrivals ot
oL \‘e,s'l"a.ura.n'l'
— SU.TV‘IVCL‘ +im€.$ -G;r SQ_UUQ\Y ‘” ‘PA.'I-I‘Q-V\-I-S

- Such ru.'s may i be wmodeled

with  a qamma dietri bution .

- We Wl“ S'l‘btol\/ —\-\«e_ 3aumm¢ o\'\S‘}'r}\ou‘l‘i‘DV\
N 30\&0&.‘ oLnA +wo SFe_c_iq_\ casSes o‘P H‘.
De—'p"\i A continuwous r.V. \{ ‘r\oLs a 3qw\mq

dietribution [s\aorﬂ«qr\cl: YNGaMma(cx)$3:| i'p
its Po\-(: \S

Where o« >0, B>0 and.



()=

1S CA.”CA 'Hae. qcxw\ma Lunetion ev«lu.ad-ecl
at .

Gra-f:\».s of SPQ,C['F!C. qamme FJ-F S :
Gaw\mq(\,l) Pal-P Gamma (7- 1) PA-F

- We <see +he sL\o.pP_ of the FH
c,\r\omjes for ol-C-Fe_re_n'l‘ values of « .
~Hence o« is called +he
quame.:f&r of +e qarma cl&hsi+7.
~-Also, B s called +he
Fa.rckmc\'e.r of +he qamma clmsi'l'y.
Facts about +he qawmma function
(i)
(iv)

Ex«mPle:




T heorem: The jawma.éa&) B) FGL-C 1S a
valid o\e.nsi‘i'y.
Proof

Note: The kernel of a ‘:ol*p -F(p s

—

he ?a.,r+ Hhat (:l("’-'i‘e—”“‘ls on J

-We see +hat 4he ja.mw\& Pal'p (l{ke_
. P‘Lp) consists of a kernel and a
“V\orma\izins cons tant.

- This constant s Lree o-('-\ \A) but it
Locces the Fal-c +o in'l'&ﬂracl*e + 1

over “he su-f:rar‘l'.




Gq_w\ma. FOL‘F .

— This 'FGLC—-\— will be ctuH‘a L\e,lfncql to us.

Tl\e_or‘e,m (quma. Mean au\ol Vﬂtf‘i“-’\&): I‘P
Y~ qamma (o() P’\ ) +hen

Proot :




‘ keor : Yﬁ,
e (qumq mj'F) .F
\f ;; Gmnunm(?,?bl

Froop:




E)(a.mrlc 1: Suﬁ:ose ¥ s a rnv. with Folwc
) C,'a"‘ 6—3/3 i 4 >0
= $°L

elsewhere

-cor Some C-or\S"-a.vCl' C.
-'er\cd' vaLlue_ o-p C mqkes 'F(‘J) o valio\ olensi‘f'y?.

- What is E(1)? What s V(Y)?



GQ\MW\O\. ?f'OLNLL; lH‘iﬁS

- for any o< b where &,L = 0 ) +he
Froka.\;i\i‘\‘y

P(cx< e \03:

C&Y\V\o+ ‘Oe— ‘pDU.Y\J. viq clfrgcl' |‘y\+.e,j rod‘[oy\
unless o« s an inteqer.

-S\.Lc,\'\ Soomma. {:ro\ba.bill"l‘ies Can be ‘pour\a(
w R (see. QXCLW\P\Qs on course web Pa..je_),
Examf\e; 1 qjmin . gu.FFosg \f~ Gamma. (5‘)3)
F\‘V\A -\-\«e, Fr'o\m.la|||+7 -qu,+ \f -@1”3 within
2 standard deviations of ts wmean.

- Twe sFe.daL\ cases of -\—\\e 3:\mma.

c:l\'S‘\T'\\;td'l'o\f\ aré QSPec]a.“\f _iM\:or'\‘krd‘ in
statistics.

‘D&'CV\. For any in+e;3e.r y 2 l) a rv. Y has
o chi-square (L) distribution pith »
Jejre\es of Freedom [Shorthand: Y~ ’}(,z(v)]
£ Y s a qamma rv. with oL‘:l)i_‘ and ﬁ:?_.




_T\,\g ’}C’ clis-l-ri\ou.“‘\‘or\ oCcCcurs o-C'{‘e.h in
+heoretical statistics.

—Values of YO quantiles are  qiven
in Table & of APPQnAix B,

Theorem: TH Yo ' (v), +hen

P""D‘F T‘MS -anows |mmeal|4.'|‘el ‘{:\"OW\ 'H‘e

«@ormu as -Fbr +\m€. ia.mmag mean cu\cl VQ.Y‘MLY\CQ.

T\f\e EX'Povxe.vd'ld -DIS"'PIl:u.""lar\

o TL\Q e)tponen'\-ta.\ Ats+r|\>u.+|on ls Cbmmonly

useol asS a W\oo\&\ -For l\'Fe_'thS surqu.,
+imes , or wm-l-mj +imes.

Defn. A rv. ¥ has an e_xPone_n-hd
distribution [Slr\orﬂr\omal‘. \fn, ewa\(?})]

Y is a qamma V. with «=1.

- The Q)Lronev\'\‘ial F&-F \S (-Fo,. §>03:




_TL\Q Q.XFonen'l'ch\ C.J‘F Cawn be ‘Pour\A
a.na.\\/-l't'c_a“y :

Plot of exFor\(?:'-:?-) pd f .

Plot of ex?on(Pﬁn cdf



Theorem: T £ Y~ expon (B), then

Theorem: TF Y ~ expon (B, Fhen +he
MTF o-P ¥ 18

_P\"OO'CS Lo Let «x=| wn +\«e jdLMmq_ -Formw‘qs.
Emm?\e_ 2: Let +he \i-pe +ime o-p a_ Fa_r-'l'
(ir\ Yaousands of l«ourSB Hllow an E_KFor\e,r\'l‘fq]

distribution wi‘l’L\ meéan h'fe‘l‘l'me 2000 hours

(B= ).
*Ffr\cl +he Fro\oa.\ofl{'l'y +he Far‘l‘ lasts '\HQSS
+hen 1500 hours,

- FI'V\A -l-\,\e Froka_ki“‘l‘y +L\& qu"f lOLS+S more
-Hr\q_v\ 2200 hours .

- Find the Fm\aa.\ai\i+7 +he Fq.r'l' lasts between 2000
ond 2500 hours,



Memor‘ylﬁos Pf°]>?—"+‘7 of EXpone.n'l‘l'&l

— Let a l\(‘e_\e,»\ﬂ-fk Y ‘Fo“mu an exiaoner\"‘l'a,
disteibution . Su.FFose +he FM“\' has lasted

"a." umits of +ime a.\r&o!y. Then the
(C.om:li‘\‘ior\ml) Fv*oloalnfll"l‘7 of iy \aS‘Hn«j at
least b additional uwnite of +ime s

‘H«e Same a S "Hme. PY‘OLWLLIII"'V 010 |«S'Hr\j
ot I'P_AS"" \D LLY\H‘S o-r +ime in -Hne -Cirs'l‘ quce.

Ff‘oo'P :

_The e_xronen'l‘id iis‘\‘r{kd‘l'osf\ 1S tH\e an‘y
continuous clfs'\"ri‘ow\‘l'on wl'pn ‘HMS

" me,moryless ! pre FU‘"‘] | |
- Howe,ve,rJ -Hne_ 3e..ome.‘h"l.c— clfS‘f‘r‘l\owhch OJSO

has +his memory less pYo ‘>e,r'\’7




Re—\m'l‘fonslr\{? wiﬂf\ Peisson Pro'ctssﬁ

-—SWH:»ose wée kowe al PDiSSOn Process uﬂ‘Hn
a.  néan o'P >\ ever\‘\'s Pe.r +ime umi"l‘,
Let B = -l:\— . Consider +he wau"|‘|“n3 time W
until  +he Licst occurrence  Then \d~¢xt>on(13).
E_‘:g‘_’f_’- Cle.a.rly W is continwous with
S\-’-F‘Dor‘f on [O) oo) For ow\‘f w?_O) no‘l‘e_
Haat if Hhe number of occurrvences in [O)]_]
1S  Poisson witr mean >\) +hen +he

number of occurrences in ]'_o)w] 1S

-NO"El Tlmis Y‘eSuH' Can be 3Qy\e,r‘q_\iz.d.‘
For any in-\‘ejer o Z-l) the wa.i'l'inj +ime W
unti|l the -tk occurrence has o



EXCLM?\Q 3’_: Su‘:?ose customers arrive in
(o cLue_hLe. GLC.c_orall‘r\j +D a. PbiSSon Froc.ess
with mean A =12 per hour. What 1s
+he Fro\oq\oili+7 we must wait more than
| O minutes um‘l‘il 'H«e -Cfr'S‘lL c_us'f'ome_r?

—What s e Fro\oajoi\i"‘\] Wwe must walT
mere than |0 minutes 1o see +Hhe

-Four-l'l\ customer ¢




